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Abstract - In this paper we consider a problem of
source separation when sources are second-order non-
stationary stochastic processes. We employ the natu-
ral gradient method and develop learning algorithms
for both linear feedback and feedforward neural net-
works. Thus our algorithms possess equivariant prop-
erty. Local stability analysis shows that separating
solutions are always locally stable stationary points
of the proposed algorithms, regardless of probability
distributions of sources.

I. Introduction

In the context of source separation, it is assumed that
the m dimensional vector of measurement signals, x(t),
is generated by a linear data model described by

z(t) = As(t), (1)

where s(t) is the n dimensional vector whose elements are
called sources. The matrix A € R™*" is called a mixing
matrix. The task of source separation is to estimate the
mixing matrix A (or its inverse which is referred to the
demixing matrix), given only a finite number of measure-
ment signals, {(t)}, t = 1,..., N. Source vector s(t) is
unknown in advance, but their elements are assumed to
be statistically independent.

Most of source separation methods have focused on
stationary sources, so higher-order statistics (HOS) is
necessary for successful separation, unless sources are
temporally correlated. Along this line, a variety of al-
gorithms have been developed (for example see [1], [2]
and references therein).

Many natural signals are inherently nonstationary
stochastic processes. Especially they have second-order
nonstationary characteristics in the sense that their vari-
ances are time-varying. It was shown in [3] that source
separation could be achieved by decorrelation if sources
are independent second-order nonstationary stochastic
processes. Recently some algebraic nonstationary source

separation methods have been developed [4], [5], [6], [7],
[8].

In this paper we pay our attention to the problem of
second-order nonstationary source separation. We de-
velop natural gradient learning algorithms for both linear
feedback and feedforward neural networks. Due the nat-
ural gradient method, our algorithms converge to sepa-
ration solutions along the steepest descent direction and
possess the equivariant property (uniform performance
regardless of mixing condition) that was first discovered
by Cardoso and Laheld [9]. We also present local stabil-
ity analysis of our algorithms and show that separating
solutions are always locally stable stationary points of
our algorithms, regardless of probability distributions of
sources.

As in [3], the following assumptions are made through-
out this paper:

AS1 The mixing matrix A has full column rank.

AS2 Source signals {s;(t)} are statistically indepen-
dent with zero mean. This implies that the co-
variance matrix of source signal vector, Rs(t) =
E{s(t)sT(t)} is a diagonal matrix, i.e.,

R, (t) = diag{r.(t),...,ma(t)}, 2)

where r;(t) = E{s?(t)} and E denotes the statistical
expectation operator.

AS3 :Jgg (.,j =1,...,n and ¢ # j) are not constant
with time.

II. Natural Gradient Algorithms

We consider the objective function proposed by Mat-
suoka et al. [3]. Then we employ the natural gradient
method which was shown to be efficient for on-line learn-
ing [10], [11], [12] and derive on-line learning algorithms
for both feedback and feedforward networks. For the sake
of simplicity, we only consider the case where there are
as many Sensors as sources, i.e., m = n.



A. Objective Function

It was shown in [3] that second-order decorrelation is
sufficient for source separation under the assumptions
(AS1)-(AS3). The objective function that we consider
is given by

Tw) = %{ZlogE{y,?(t)}
i=1

—logdet (E{y()y"()})}, (3

where y(¢) is the network output vector and det(-) de-
notes the determinant of a matrix. The objective func-
tion (3) is a non-negative function which takes minima if
and only if E{y;(¢)y;(t)} =0, fori,j =1,...,n, i #j.

B. Feedback Network

We consider a linear feedback network whose output y(t)
is described by

yt) = =(t)+Wy()
= (I-W)'a(). (4)

We calculate the total differential d.7 (W),

dgWw) = J(W +dW)—-J(W)

= %d{;logE{yf(t)}}

—%d {logdet (E{y(t)y"®)})}, (5)

due to the change dW.
Define a modified differential matrix dV as

dV = (I - W) tdw. (6)
With this definition, we have

d {log det(E{y(t)y" (1)})}
= 2tr{(I — W) 'dW} +d{logdet C(t)}
= 2tr{dV} +d{logdet C(t)}, (7

where tr{-} denotes the trace operator and C(t) is the
covariance matrix of & (t) defined by

C(t) = E{z(H)=" (t)}. (®)

Note that C(t) does not depend on the weight matrix W
so it can be eliminated.

Similarly, we have

d {ZlogE{y?u)}}

i 2B{y:(t)dy; (1)}
=~  E{y;()}
= 2ETWOA VYD), ©)
where A(t) is a diagonal matrix whose ith diagonal ele-
ment is E{y?(t)}.
Hence, the gradient of the objective function (3) with
respect to the modified differential matrix dV is given by
dJ (W)
av

The stochastic gradient descent method leads to the up-
dating rule for V' that has the form

Vit+1)=VE) +n{I- A" Qyt)y" (1)},

=E{A Yy 0} -1 (1)

(11)

where 7; > 0 is the learning rate and A(¢) is a diagonal
matrix whose ith diagonal element is A;(t) that can be
estimated by

Ai(t) = (1= 0)Xi(t — 1) + 6y; (1), (12)

for some small ¢ (say, § = 0.01).
It follows from the definition (6) that the learning al-
gorithm for W is given by

AW(t) = W({Et+1)—W({)
= m{I-WHI{I-A yt)y" (t)}3)
Remarks

o It should be noted that the algorithm (13) can be
viewed as a special form of the robust neural ICA
algorithms developed by Cichocki and Unbehauen
[13] that has the form

AW (1)
= n{I-WI- flyt)g" (y(t)} {14)

where f(-) and g(-) are pre-specified element-wise
nonlinear functions. The algorithm (13) coincides
with (14) when the nonlinear functions are selected
as f(y(t)) = A" (t)y(t) and g(y(t)) = y(t). How-
ever we arrive at our algorithm (13) using the natu-
ral gradient method and a proper objective function
that was not exploited in [13].
o We can rewrite the algorithm (13) as

AW() = nA™ () {I - W(t)}

{A®) —y@®y" )}  (15)



We have to point out that the algorithm (15) leads
to a simple form of nonholonomic ICA algorithms
proposed by Amari et al. [14] with a variable step
size 17; A~ (t) for nonstationary sources.

C. Feedforward Network

Let us consider a linear feedforward network whose out-
put y(t) is given by

y(t) = Wa(t). (16)
Define a modified differential matrix dV as
aV =W aw. (17)
With this definition, we have
d {log det(E{y(t)y" (t)})}
— 2 {ﬁ\/_ldﬁ\/} +d{logdetC(1)}, (18)

and
d {Zlog E{y%(t)}} = 2B{y”" (HA~ ()dVy(®)}. (19)

Then, the natural gradient learning algorithm for w

has the form
AW (@) = } W (t)

()} W (#)(20)

t {I — A7 (t)y(
A {A

Note that two remarks described for the case of linear
feedback network also hold in this case.

ITI. Local Stability Analysis
Stationary points of the algorithm (13) or (20) satisfy

E{I-A'(tyt)y" (1)} =0,

which implies that E{y;(¢)y;(¢)} = 0 for 4,j =
1,...,n, i # j. In order to show that stationary points
of (13) are locally stable, we need to show that the Hes-
sian d?7 is positive. Following suggestions in [15], we
calculate the Hessian d27 in terms of the modified dif-
ferential matrix. Note that the gradient of the objective
function (3) with respect to modified differential matrix
dV (in the feedback network) or v (in the feedforward
network) is identical, the same stability conditions hold
for both feedback and feedforward networks. Here we
investigate the local stability of the algorithm (13).

For shorthand notation, we omit the time index ¢ in
the following analysis. Recall that

(21)

dJ = E{y"A"'dVy} —tr {dV'}. (22)

Then the Hessian d2?.7 is
T =FE {deVTA—ldVy + yTA—ldVdVy} . (23)

The first term of (23) is

E {deVTAfldy} -3 A (). (24)
irj Aj
The second term of (23) is
E{y"A'aVdy} = dvi;dv;;. (25)

(2%
Note that the statistical expectation is taken at the solu-
tion which satisfies the condition E{y;y;} = 0 for i # j.

From (24) and (25), we have
2T = Z [ dvﬂ + dvijdvji] . (26)
Rewrite (26) as
d2\.7 Z qi; + Z Gii, (27)
i#£j
where
Ai 2
(Iz'j = )\— (d’l)jz') + d’U,’deji. (28)

J

One can easily see that the summand in the second term
in (27) is always positive. For a pair (4,j), i # j, the
summand in the first term in (27) can be rewritten as

Ai

)\ .

qij + 5 = X (dvjz')2 + )\—J (dvz’j)2 + 2dv;jdvj;
v i

LR | dv;;

— .. . As ]

One can easily see that g;; + g;; is always non-negative.
Hence d?.7 is always positive. Note that the stability of
the algorithm (13) does not depend on the probability
distributions of sources. Thus our algorithm is always
locally stable regardless of the probability distributions
of sources. The same stability conditions hold for the
algorithm (20).

IV. Numerical Examples

We have performed experiments with 3 digitized voice
signals, all of which are sampled at 8 kHz. Three mixture
signals were generated using the mixing matrix given by

0.224 0.055 0.469
0.162 0.505 0.476
0.933 0.649 0.912

A= (30)

We evaluate the performance of three algorithms:



Algorithm 1: the Matsuoka’s algorithm in [3].

Algorithm 2: the natural gradient algorithm (13) for
feedback network.

Algorithm 3: the natural gradient algorithm (20) for
feedforward network.

The initial values of all synaptic weights for the feed-
back network were set to be zeros and the synaptic weight
matrix for the feedforward network was initialized as the
identity matrix. The constant learning rate 7, = 0.0005
was used for all three algorithms.

As performance measure, we use the performance in-
dex (PI) defined by

R — g
L= 2 { (Z max; |gi;| 1)

=1 k=1

- |k
+(Y —— 1],
(; max; |g;i|

where g;; is the (i,j)th element of the global system
matrix G (G = (I — W)™ " A for a recurrent network,
G = WA for a feedforward network) and max; g;; rep-
resents the maximum value among the elements in the
ith row vector of G, max; g;; does the maximum value
among the elements in the ith column vector of G. The
performance index defined in (31) tells us how far the
global system matrix G is from a generalized permuta-
tion matrix. When perfect signal separation is achieved,
the performance index is zero. In practice, when the
performance index falls below 0.01, the separation is sat-
isfactory.

In addition to the performance measure (31), we also

calculated the Signal to Interference Ratio Improvement
(SIRI) defined by

E{(JI, — Si)2}
E{(yi — 1)}

Note that scaling and ordering ambiguities have to be
resolved before SIRI is computed. To remove scaling
ambiguity, we normalized original voice signals so that
they have unit variance. In addition, after the separa-
tion was achieved, the recovered signals {y;} were also
normalized. Due to the ordering ambiguity, the first orig-
inal voice signal can be appeared at the second output
node of the separation network, i.e., y2(t) = s1(¢). Or
even after normalization, the signal y2(t) might be the
upside-down version of s (t), i.e., y2(t) = —s1(t). All
these things should be taken into account in the calcula-
tion of SIRI given in (31).

Numerical experimental results are shown in Fig. 1
and are summarized in I. Poor performance of Algo-

SIRI; = (31)

rithm 1 might result from the simplification approxima-
tion made in [3] which is not reasonable for the case of
n > 3. Moreover, our algorithms posses the equivariant
property, thus they give satisfactory results even for the
case of ill-conditioned mixing. More details can be found
in [16].

V. Conclusions

We have presented two natural gradient learning algo-
rithm which perform second-order nonstationary source
separation. We also presented local stability analysis
of the algorithms and showed that separating solutions
are always locally stable stationary points of the pro-
posed algorithms, regardless of probability distributions
of sources. Numerical experimental results confirmed the
high performance of the algorithms.

SIRI

SIRI;= 16.0dB
SIRI,= 14.8dB
SIRIs= 36.5dB
SIRI, = 68.1dB
SIRI,= 61.5dB
SIRI;= 65.1dB
SIRI= 68.0dB
SIRI,= 61.5dB
SIRI;= 65.2dB

TABLE I
PERFORMANCE COMPARISON IN TERMS OF SIRI.

Type of Algorithm
Matsuoka [3]

Feedback (13)

Feedforward (20)
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