Minimum Entropy, k-Means, Spectral Clustering

Yongjin Lee Seungjin Choi
Biometrics Technology Research Team Department of Computer Science
ETRI POSTECH
161 Kajong-dong, Yusong-gu San 31 Hyoja-dong, Nam-gu
Daejon 305-350, Korea Pohang 790-784, Korea
Email: solarone@etri.re.kr Email: seungjin@postech.ac.kr

Abstract— This paper addresses an information-theoretic as- calculation in the framework of the Parzen window-based
pect of k-means and spectral clustering. First, we revisit the density estimation. Along this line, a variety of unsupsed

k-means clustering and show that its objective function is |aarning algorithms [1] and a feature transformation métho
approximately derived from the minimum entropy principle [6] were developed

when the Renyi’'s quadratic entropy is used. Then we present ) . . ) )
a maximum within-clustering association that is derived using  In this paper, we address an information-theoretic clireger
a quadratic distance measure in the framework of minimum which mainly exploits the minimum entropy principle studlie
entropy principle, which is very similar to a class of spectral n [2], [3] where the clustering is carried out by minimizing
clustering algorithms that is based on the eigen-decomposition overlap between densities of clusters. In minimum egytro
method. data partitioning [2], [3], the Kullback-Liebler (KL) divgence
was used to measure the overlap between cluster densities an
the minimization was performed through grouping mixtures

Clustering is a procedure which partitions a set of unlaf Gaussian. Density estimation through mixture of Gaussia
belled data into natural groups. When clustering is carrigd ds sensitive to initial conditions and the number of mixture
successfully, data points in the same group are expectedctdnponents must be carefully decided, which is a difficult
be similar each other but dissimilar from the data samples pinoblem.
different groups. A natural question arises, "what is a goodIn contrast to [2], [3], we employ the Renyi's quadratic
measure of similarity or dissimilarity between data pd¥its entropy and the quadratic distance measure [1] with theeRarz
Depending on similarity or dissimilarity measure, a variet ~density estimation, in order to avoid the original diffidest.
clustering algorithms with different characteristicsyédeen We show that the minimum entropy principle with the Renyi’s
developed. For examplé:means clustering can be interpreteduadratic entropy leads to an objective functionkefeans.
as a method for minimizing the sum of pair-wise intra-clusteye also show that minimizing the overlap between cluster
distances [4]. This implies that-means clustering uses thedensities with a quadratic distance measure leads to the
Euclidean distance as a dissimilarity measure. This alBdsle maximization of within-cluster association. This maximum
to the fact thak-means assumes Gaussian distribution for datgithin-cluster association is closely related with a spact
hence, exploits only second order statistics. It meanswieat clustering which is an eigen-decomposition-based method.
cannot extract all information available from the givenalatThis gives some link between information-theoretic cltiatg
when the probability density of the data is not Gaussians Thand spectral clustering.
might be a restrictive assumption.

An information-theoretic method is an attractive and pow- Il. MINIMUM ENTROPY DATA PARTITIONING

erful approach but it involves probability density estifoaf We begin by briefly reviewing the method of minimum
which is cumbersome in the viewpoint of computationagntropy (or maximum certainty) data partitioning [2], [3hce
complexity. Density estimation is categorized into thréfed  this jdea is a starting point for our method. In maximum
ent classes: parametric, semi-parametric, and non-pai@mecertainty data partitioning, one constructs candidatditjar

methods. Parametric method assumes a specific paraméteriggdels for data sets in such a way that the overlap between
functional form of probability density. It is computatidha  partitions is minimized.

less expensive but less flexible. Semi-parametric methfods (| et ys consider a partitioning of the data into a set of
example, mixture of Gaussians) are more flexible but thecjusters. The probability density function of a single datu
estimation is not trivial. The Parzen window method is ong conditioned on a set ok partitions, is given by

of widely-used non-parametric density estimation methdtds

is the most flexible but computationally very expensive when K o

entropy or divergence calculation is involved. It was sisyge p(z) = Zp(mmp(l)’ @)

in [1] that Renyi’'s quadratic entropy and quadratic disenc =t

measures between densities simplified entropy or divesgeneherep(i) is the prior probability for theth partition.

I. INTRODUCTION



The overlap between the unconditional dengity) and the I1l. REVISIT OF k-MEANS
contribution to this density function of thiéh partition,p(x|), In this section, we briefly review the Renyi's quadratic

is measured by Kullback-Liebler (KL) divergence betweegntropy and show that an objective function/efeans can

these two distributions: be approximately derived in the framework of the minimum
V; = =KL [p(x]i)||p(x)], (2) entropy principle and the Renyi’'s quadratic entropy.

which is l_Jpper—bounded by O (sin_ce KL divergence is always Renyi’s Quadratic Entropy
nonnegative). When thé&h class is well-separated from all ] ) J o
others.V: is minimized For a continuous random variahtec R* whose realization
LR . . . N . .
The total overlap over a set df partitions, V, is defined IS given by{=,},_, whereN is the number of data points,
by the probability density ofc estimated by the Parzen window
using a Gaussian kernel is given by

K
N
Vo= ) pi)V; L
, _ . 2
7,=1K p(x) - N;G<wawnao— )7 (6)
= =Y p()KL[p(|i)||p(x)] where
=1
K . 2 1 ||z — zn|?
M = _—_ . 7
:_Epw/mmmﬁﬁﬁwm. 3) a%%”)(%ww“* 252 0
i=1 . . .
It follows from Bayes’ theorem that Eq. (3) can be rewritten The Renyi's entropy of order is defined as
as Hi = 1 log/pa(a})da}. (8)
K « 11—«
v = =Y [ plile)p(z)lo ) o
o ‘ p p g p(i) The Shannon’s entropy is a limiting case of Renyi's entropy
= X asa — 1. For a = 2, Renyi’'s entropy (8) is calledRenyi’s
_ /p(w) (Zp(im)log(p(im)) da quadratic entropy, Hg,, which has the form
=1
x Hr, = log [ @)z, ©)
+ p(i)logp(i) . .
i—1 where the scaling facto% is neglected. Note that the convo-
] ) lution of two Gaussian is again Gaussian, i.e.,
= | [r@nte) o prop @
——

, negative prior entropy /G (220, 0%) G (2520, 0%) dx = G (2p;Tm, 20%) . (10)
expected posterior entropy
The total overlap measurg consists of the expected (Shanlt follows from this relation that the Renyi's quadratic eayiy
non’s) entropy of the class posteriors and the negativepytr with the Parzen density estimation, leads to
of the priors. Therefore minimizing’ is equivalent to mini- N N
mizing the expected entropy of the partitions given a set of /pZ(x)dm = % Z Z G(xn; Tm,202). (11)
observed variables. An ideal data partitioning separdies t N
data such that the overlap between partitions is minima¢ T the Renvi’ drai ; b i ted
expected entropy of the partitions reaches its minimum wh us ef | en;l/l_stqua tr_a Ic en r((j)pf)_/ C‘an etﬁasll(y corlnpu N "ﬁs
for each datum, some partition posteriors are close to ,uni?ys.um fo ocal n (alracE;ons as defined by the kernel, over a
while all the others are close to zero [2], [3]. airs of samples [1], [6].
c Alzggnatively, we can rewrite the total overlap measuren g an Objective Function

g. as

n=1m=1

X The k-means clustering partitions the data in such a way that
pr(i) /p(wli) llog p(xi) — log p(x)] da fche .su_m.of mtra-clusfcer _dlstance_s to the cluster mean wecto
— is minimized. The objective function df-means for the case

of K clusters, is given by

K N
Tem = Z Z Zinll@n — 141%, (12)

=1 n=1

1%

-3 [ walitozptalivda + [ ple)logp(e)de

K
—_F@_memﬂ. (5)

Minimizing the total overlap measure is equivalent to mini- 1 ifx,eC
mizing the expected entropy of class-conditional density. Fin 0 otherwise ’

wherez;, is an indicating variable defined as



whereC; denotes theéth cluster and Hence the maximization of this lower-bourt] is equivalent
to the minimization of the sum of pairwise intra-cluster

N
1 . .
wo= 5 Z ZinTns distances in (13).
Y n=1
N IV. MINIMUM ENTROPY AND SPECTRAL CLUSTERING
N; = in- . . . o .
! Z Zin In this section we presentraaximum within-cluster associ-

. . L o ation that is derived using a quadratic distance measure instead
This is equivalent to minimizing the sum of pairwise intrags the KL divergence in the framework of minimum entropy
cluster distances [4] that is defined by data partitioning. Then we show that the maximum within-

1 E X cluster association is closely related with tnerage associ-
Tim = 5 > = >N zinzim|@n — 2m|®.. (13) ation which belongs to a class of spectral clustering methods
i=1 "' n=1m=1 where the clustering is based on the eigen-decomposition of

Now we show that the objective function (13) can ban affinity matrix.
approximately derived from the minimum entropy rule by em- o
ploying the Renyi's quadratic entropy and the Parzen windofy Quadratic Distance Measure

method. Using indicator variablds, }, we write theith class  principe et al. proposed a quadratic distance measure be-

conditional density as tween probability densities which resembles the Euclidean
L distance between two vectors [1]. A main motivation of the

p(x|i) = ﬁzzinG(CB;CBn,JQ). (14) quadratic distance measure lies in its simple form for the

" p=1 case where the Parzen window-based density estimation with

Intuitively, the indicator variable can be considered as ti3@ussian kernel is i-nvolved..
posterior over the class variable, i.e;, = p (i|z,,). Neglect ~ The squared Euclidean distance between two veatasd

an irrelevant tern (x) in (5), then the objective function (5) ¥ is given by

b
seomes le—yl’ = @-y @y
Vo= 3 pli)Hal) e+l -2y, (19)

i=

which is always non-negative. In a similar manner, the

1
K

- Zp(i) log [/ p2(m|i)d:n} quadratic distance between two probability densitfés;) and
— g(x) is defined by

;( N, 1 N N
= —;Wllog lN—?T;;Zi7nzimG(me;mm,2U2)] . D[fllgl = /f2 (m)dm+/92 (z) da
(15) -2 / f(x)g(x)d

Minimizing (15) is equivalent to maximizing which is given > 0. (20)
by

K N N N The quadratic distance measure is always non-negativetand i

og | = b ly whefi(z) = g ()

L = “ilog | — 2inZimG (@ Ty 202) | ecomes zero only w xz)=g(x).

; N [Nf nz::l mz::l ( )1 When the density functions are replaced by their associated

(16) Parzen-window-based estimates, the quadratic distanee me

o sure is simplified as
which is lower-bounded by

Ko XL Diflg) = [F @izt [¢@)de
N; 1
L > > N N2 DN zinzimlog [G(@n; @m, 207)]
i=1 i n=1m=1 -2 / f(x)g(x)dx
= L, 17)
Ny Ny
where the Jensen’s inequality was used. - L G (2f:xf 202
Then the lower-bound; is given by N? ;mz::l (@ni 2., 207)
1 K 1 N N 1 Ng Ny
. 2
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20 i=1 Ni n=1m=1 9 n=1m=1
K N N Ny N,
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where

and {z/} and {x?} are the set of data points (the number
of data points are denoted by; and N,) that were used to

Ny

flx) = Nif Z G (:B a:f”az), (22)
L

g(@) = D G(maf.o?), (23)
9 p=1

evaluatef and g, respectively.

B. Maximum Within-Cluster Association

In Eq. (2), the overlap between the unconditional densitymay be interesting to compare this withmeans clustering
p(x) and the contribution to this density function of tét which uses only second order statistics and implicitly es=si
partition, p(x|i), was measured by KL divergence betweefpaussian distribution for cluster densities. It followsrir (13)
them in [2], [3]. Now we compute this overlap using thdhat k-means clustering partitions the data in such a way
quadratic distance between densities estimated by thefPahat the dissimilarity within cluster with Euclidean diste
window method.

Like the previous sectionith class conditional density is @ssociation criterion in Eq. (27) looks for partitions wihic
written as

Incorporate the density estimated by the Parzen wind &

N.
) 1 «— 9
= =3 .Gz . 24
(x|?) N n:1sz(:v,me) (24)

Ni

wherep(i) =

This is rem|n|scent of Eq. (5). The first term in Eq. (26) is
constant and the second term can be considered as a within-
cluster association. Therefore, the minimization of cwerl
between partitions leads to the maximization of withinstéu
association’,,., which is defined as

Z 53 s

l n=1m=1
TGzz
N

Lwca

. 2
wnv L, 20 )

(27)

i=1

measure is minimized. On the other hand, within-cluster

maximizes the similarity within cluster with Gaussian kalrn
G (@n; T, 20?) being used as a similarity measure. Replac-
ing G (xy; @y, 20°) by log G (€y; T, 20%), the maximiza-
tion of within-cluster association leads to the minimigatiof
airwise intra-cluster distances in Eq. (13).

method into the quadratic distance measure, then Eq.(2) 6e-From Maximum Wthin-Cluster Association to Spectral
comes

Vi

whereG € RV*¥ is a kernel matrix whosén,

is [G]

nm

=D [p(li)||p(z)]

,/p2 (a,-|z‘)dm—/p2 (@) da

+2 [ p(ali)p (@) da

1 N N
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2 N N
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m)th element
= G (@n;xTm,20%) and z € RY is the indicator

variable vector, i.e.[z;],, = zin.
Then the total overlap can be written as

V = Zp
=1
K
= Z i) |lp ()]
1 1TG1 2T'Gz;
- N| N N, |’ (26)

i=1

Clustering

Here we consider a special case in amgximum within-
cluster association. In the case of two clusters, the maximiza-
tion of (27) leads to one of well-known spectral clustering
criterion, average association in [5]. In other words, in such a
case, the indicator variables in Eq. (27) can be easily coeapu
by the eigne-decomposition method. This, in fact, proviges
information-theoretic view to spectral clustering.

In the case of two clusters, the class-conditional derssitie
estimated by Parzen window method, can be written as

N

plefl) = Nilnzzjlznc:(m;mn,ﬂ (28)
1 N

p(x)2) = N2n21<1—zn)a(m;mn,02), (29)

where{z,} are indicator variables defined by

. 1 fx,eC
n =910 otherwise °
andN, =N 2 No =N (1 - 2,).

Then our maximum within-cluster association criterion in
Eq. (27) can be written as

TGz (1-2)"G(1-2)
2z (1-2)(1-2)

where1 € RV by [1], = 1. Introducing another indicator
variables,{y, }, defined by

{ +1
Yn =

-1

Ewca =

: (30)

if ¢, € C;
otherwise -



With these indicator variables, Eq. (30) can be rewritten as VI. DISCUSSION

T T We started from the idea of minimum entropy data par-
ALyss = (1+y) G(1+y) n -y GA-y) (31) fitioning [2], [3] where the goal of clustering is viewed as
11+ ) (1+y) ;(1- ) (1—1y) the minimization of overlap between cluster densities. The
KL divergence in the overlap measure was used in [2], [3],
Adopting a similar method that used in [5], the maximunyhich required a heavy computation for density estimation.
within-cluster association reduces to the following sieplFollowing this minimum entropy principle, we employed the
optimization problem: Renyi's quadratic entropy and the quadratic distance nmeasu
with the Parzen window-based density estimation, which was
max tTﬁ (32) introduced in [1]. Adopting the Renyi’s quadratic entropy
71— tTt’ leaded to the objective function of K-meas, and the quadrati
distance measure leaded to thmaximum within-cluster as-
wheret = (1 +y) — %—; (1 —-y) and[y],, = y», Which is a sociation. In a special case (two clusters), we showed that
N-dimensional vector. See Appendix for detailed derivatiour maximum within-cluster association was closely related
Indicator variables are estimated through the eigenvemder with one of well-known spectral clustering methods which ar
sociated with the largest eigenvalue of the maifix as in based on the eigen-decomposition. In fact this might give an

spectral clustering methods. information-theoretic insight to spectral clustering.
APPENDIX
V. A NUMERICAL EXPERIMENT Let ki — % then Eq. (31) becomes
We present a simple numerical example of a set of ring data 1+y)'Gl+y) (A-y)TGA-y)
which consists of two clusters (inner ring and outer ringgtd ALwea = 171 1- k171

samples were drawn from two generator distributions: (1) an

. T —_ )T _
isotropic Gaussian distribution for inner cluster; (2) afomm (I-kA+y) Gty k1-y) G1-y)

ring distribution for outer cluster. A total of 200 data pisin k(1—-k)171 k(1 - k)171
were drawn from each distribution, which givds= 400. The (1 -k(A"G1+21"Gy + y" Gy)

width of Gaussian kernel in the Parzen density estimatiosn wa o k(k — 1)1T1

set aso? = 0.2. We construct a Gaussian kernel mat6Gk k(lTGl _ 21TGy+yTGy)

(which is also known as affinity matrix in spectral clustgjin

_ T
and compute the first eigenvector associated with the larges T kT(k 1t T
eigenvalue ofG. The largest eigenvector & as shown in _ Y Gy+1 Gl 2(1-2k)1 Gy
Fig. 1, clearly exhibits discrimination. The average vaiwer k(1 - k)11 k(1 k)11

the elements in the largest eigenyector @f ig used as a pefine aly) = y"Gy, Bly) = 17Gy, v = 17G1, and
threshold value. Successful clustering result in shownign FN _
2. Two clusters share the same mean vector. Helneeeans
clustering method fails to correctly partition the datae(ség.
2) because it is based on the Euclidean distance between the a(y) +v+2(1 — 2k)B(y)

171. With these definitions, we can further expand the
above equation as

data point and the mean vector. k(1 —-k)N
(a(y) +7) +2(1 - 2k)3(y)  2(x(y) +7)

—— - k(1 — k)N N
MWWWMWM 2a(y) 2y
=t T

Dropping the last constant terrﬁ%, leads to

ar o laly)+9) +2(1 - 2k)5(y)  2(aly) +7)
| wea k(1 — k)N N
2a(y)
N
_ (1= 2k + 2K (a(y) +) +2(1 — 2k)B(y)
B k(1 — k)N
o : : : : : : : 2a
0 50 100 150 200 250 300 350 400 + ]Efy )
Fig. 1. The largest eigenvector of the kernel maifxindicates the clear (1—2k+2k?%) 2(1—-2k)
discrimination between two clusters. _ W(O‘(y) +7)+ 1-k)? Bly) n 2a(y)
= k .

—(1_k)N N



(@) (b)

Fig. 2. A simple example of clustering a ring data: (a) by our mimin entropy spectral clustering; (b) by the stand&rdneans.

Letting b = 1Tkk it becomes Putting everything together, the maximal within-clustss@
i (1 +82)(aly) +7) + 2(1 — b)3(y) ) M (y) ciation results in the following optimization:
wea bN DN tTGt
max ——.
Since 2% is a constant, we can subtract the constant term t"1—0 t't
without affecting the solution, i.e., Therefore, the eigenvector corresponding to the largesnei
AL (1+b?)(a(y) +7) +2(1 — v*)3(y) value can be thought as values of indicator variables.
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