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Abstract— In this paper we introduce a coupled Helmholtz Recently a linear coupled generative model [2] was proposed
machine for principal component analysis (PCA), where sub- showing that the model determines principal eigenvectors
machines are related through sharing some latent variables without any rotational ambiguity. This was further elab-
and associated weights. We present a wake-sleep algorithm for . .

PCA (referred to as WS-PCA), leading both generative and Ofatefj in [1], where .the integrated squgred err.or. (IS_E)
recognition weights to converge to principal eigenvectors of a Was introduced, showing that an expectation maximization
data covariance matrix without rotational ambiguity, in contrast ~ (EM) algorithm that iteratively minimizes ISE determines

to probabilistic PCA and EM-PCA. Then we also present a exact principal eigenvectors of a data covariance matrix. A
kernerlized variation, i.e., a wake-sleep algorithm for kernel constrained projection approximation algorithm [5] wasoal

PCA (WS-KPCA). The coupled Helmholtz machine provides a d | d. which i it del t t of 1.
unified view of principal component analysis, including various eveloped, which is a recognition model counterpart of [1].

existing algorithms as its special cases. The validity of wake- ~ Helmholtz machine [6] is a statistical inference engine
sleep PCA and KPCA algorithms are confirmed by numerical where a recognition model is used to infer a probability

experiments. distribution over underlying causes from the sensory input
and a generative model is used to train the recognition model
The wake-sleep learning is a way of training the Helmholtz
Spectral decomposition of a symmetric matrix (for exmachine and the delta-rule wake-sleep learning was used for
ample, data covariance matrix or kernel matrix) involvegactor analysis [9].
determining eigenvectors of the matrix. This task plays an |, this paper, we introduce a coupled Helmholtz machine
important role in machine learning, pattern recognitiamd a for pCA, where sub-Helmholtz machines are related through
signal processing. For instance, principal componenyaf®l spharing some latent variables as well as associated weights
(PCA) or kernel PCA requires the calculation of first feW(See Fig. 1). We derive a wake-sleep learning algorithm,
principal eigenvectors of a data covariance matrix or adlern,eferred to as WS-PCA, that iteratively minimizes ISE in
matrix, respectively. Spectral embedding and clusterisg a the coupled Helmholtz machine, showing that the algorithm
rely on eigenvectors of a data-driven matrix (adjacencigeed determines first few eigenvectors of a data covari-
matrix or affinity matrix). ance matrix without rotational ambiguity. We also present a
Singular value decomposition (SVD) is the most widelyyernelized version of WS-PCA, referred to as WS-KPCA,
used method for eigen-decomposition. A variety of methodghich iteratively determines kernel principal componeints
have been developed for PCA (see [7], [8] and referencege framework of the coupled Helmholtz machine. A brief
therein). A common derivation of PCA is in terms of a lineafijea on the coupled Helmholtz machine was recently reported
(orthogonal) projectiontW” = [w; --- w,] € R™*™ such jn [4] and we here present detailed algorithm derivation and
that given a centered data mati& = (21 ---xn] € R™*N, 3 kernelzied algorithm as well. In addition, we show that the

the reconstruction errof X — WW ' X|[3 is minimized, coupled Helmholtz machine includes [1], [5] as its special
where|| - | denotes the Frobenius norm (Euclidean norm)gges.

It is well known that the reconstruction error is blind to an
arbitrary rotation. Thus, the minimization of the reconstr Il. COUPLEDHELMHOLTZ MACHINE
t'on, error leads toW = ,UlQ whereQ € R™™ is an Denote observed variables by e R™, leading to a data
arbitrary Qrthogonal'matrlx anq t.he glgen-decomp05|tlbn Matrix X — [z, - xy] € R™N (assume that data is
the covariance matri’ = X X is given by already centered). Latent variables are denotedYby=
Ay O [y, - yy] € R™N (n < m) that correspond to principal
0 A, ’ @) components or factors.

The coupled Helmholtz machine is described by a set of
generative models and recognition models (see Fig. 1 for
example), where a set of generative models has the form

I. INTRODUCTION

c=[U, Ug][ ][U1 U, '

wherelU; € R™*™ containsn largest eigenvectors, the rest

of eigenvectors are iU, € R™*(m=") and associated

eigenvalues are ih;, Ay with Ay > Xy > --- > A\,
Probabilistic models and associated learning algoritrons f x=AE;y, i=1,...,n, (2)

PCA were developed, including probabilistic PCA (PPCA) . _ .

[13] and EM-PCA [11]. As pointed out above, these method¥Nere A € R™*" contains generative weight vectosg <

e _ o . ;
require a post-processing to resolve the rotation amkyi.guid";, mdltz columns andE; € R™*" is a diagonal matrix,
efined by
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The set of generative models shares some latent varigples In the sleep phase, we fid and solve-27, = 0 for W,

(y =[y1 -~ ya]7) as well as associated generative weighto derive an updating algorithm for the recognition weight
A;;, in such a way that sub-model 2 shangswith sub- matrix W. The gradient of (4) with respect 8 is given
model 1 and sub-model 3 shargs andys with sub-model by

2 as well agj; with sub-model 1, and so on. The recognition o7

model infers latent variables by W ~XXTAZS + XX'W [ATA ® H} , (5)
y=W'a, ) where
whereW € R™*™ is the recognition weight matrix. [ > 0 0 0
1st 2nd s 0 X 0 "
6 0 0 O,

Z?:l Qg Z?:Q (677 2?23 o e o,
2?22 Qi Y 2?23 Qo Qg
I o= | Shsa Slae Siase o o

Qp Qg Qp e Qg

and @ is the Hadamard product (element-wise product).
With these definitions, it follows fron%% = 0 that

. . . -1
Fig. 1. A coupled Helmholtz machine for = 3 andn = 2 is shown. The _ T

generative model assumes that observed datsgenerated by:; = A;1vy1 W = A¥ A Aoll

for the 1st model and; = Z?:l A;;y; for the 2nd model; = 1,2, 3, _

while these two models share the same latent varigbleforcing A;; to = A KATA) ® (HEfl)}

be the sange weights. The recognition model estimates lateiatbles y; L

by y; :ijl Wjixj,Z: 1,2 andj = 1,2,3. - A |:U (ATA>:| , (6)

Neglecting the recognition weight$¥( = 0), the coupled whereU(Z) is an element-wise operator, whose arguments
Helmholtz machine simply becomes a coupled linear geney: . are transformed by

ative model. It was shown in [1] that the minimization of the .

integrated squared errdr_, «;|| X —AE;Y ||% (o; > 0 are U(Z) = { ZU% if i > 7,
positive coefficients) in the coupled linear generative aipd N oz if i < j.
yields principal eigenvectors ¥ X ', i.e., A = U without !
rotational ambiguity. A Gaussian probabilistic coupledd®o The operatot)(Z) results from the structure &X' given
and an EM algorithm, were presented in [1]. In a similaby

way, we may consider the integrated reconstruction error - -

(7)

5], >0, o] X — WE;W'X|>2. This error measure is 1 1 1 1
reminiscent of the deflation method which extracts prinicipa S
components one by one. zif @ 1 1 1
In this paper we consider the following integrated squaregps,—1 _
error in the coupled Helmholtz machine, that has the form Z":3 i ”:3 i 1 e 1
. PR Do
J =Y il X - AEW ' X||%, @ 5 N N :
=1 L 1 O i e J

Note that this integrated squared error includes the the
_generatwe model-base_d integrated squgred error [1] and 1 , to derive an updating algorithm for the generative weight
integrated reconstruction error [5], as its special cales. matrix A. It follows from 22 — 0 that

contrast to the generative model-based method, inferring ' 0A —

Next, in the wake phase, we fl¥ and solve2% = 0 for

latent variables can be done by the recognition model easily A = XY's YY © H]ﬂ
Learned generative models are used to train the recognition 1
model, following the core spirit of the Helmholtz machine. = XY’ {U (YYT)} . (8)
Il. WAKE-SLEEPPCA The updating algorithms in (6) and (8) are referred to as
We derive a wake-sleep-like algorithm which iterativelywake-sleep PCA (WS-PCA). As in [1], [2], we also consider
finds the minimum of (4). To this end, we employ thethe limiting case where*= — 0 for i = 1,...,n — 1,

alternating minimization method. that is, weightingv;’s are répidly diminishing as increases.



In such a case, the operatd(-) becomes the conventional instead of the eigen-decomposition@f, which requires the
upper-triangularization operatal; which is given by knowledge ofyp(-). The projection of a test data poig{x)
L onto the eigenvector¥,, is given by

uT<z--):{0 i>J, © T TeT

*J Zy; if i <j. Uy,p(x) =T @ ¢(x). (16)

Replacing the operatotU in WS-PCA by the upper- Kernel PCA requires the diagonalization of large matrices
triangularization operatot)7, WS-PCA is referred to as (kernel matrices whose dimension is growing according
WS-PCA (Iimiting case) Note that the limiting case wherdo the number of data points). In order to alleviate this
Qi 0 for i = 1,. — 1, is totally different from numerical limitation, an EM algorithm was proposed in [10]
the case fora; = 0 (l = 27,”771)_ In a way similar Wwhere the kernelization of EM-PCA [11] was presented. As
to [3], one can prove that bot and W that are min- pointed out in the beginning of the paper, EM-PCA and
imizers of (4), correspond to principal eigenvectors of &M-KPCA require a post-processing to resolve the rotationa
data covariance matrix with rotation ambiguity. As will beambiguity. Here we present the kernerlized version of WS-
shown in numerical experiments, both generative weights PCA, referred to as WS-KPCA.
and recognition weight3% in WS-PCA, converge to exact The sleep phase of WS-KPCA emerges by means of
eigenvectors of a data covariance mattix Eonverges to the SettingW = @I' and A = @I in (10), leading to (17).
largest eigenvector and, converges to the second largestThen, we have
eigenvector, and so on). Regardless of values of coefficient
«;, both weights converge to exact eigenvectors, however,
the convergence behavior of WS-PCA is slightly differentThe wake-phase can be easily derived, by replacihgnd
depending on the ratio;=* fori =1,...,n — 1. X by ®I" and ®, respectively in (12), leading to (19).

_wTd T
Y=W'®=T K.

Algorithm Outline: WS-PCA Algorithm Outline: WS-KPCA

Sleep phase
Sleep phase N .
B r = r[u (PTKF)] : 17)
W= A{U (ATA)} : (10) .
- Y = T K. (18)
Y = W'X. (12)
Wake phase
Wake phase 1
) r=vy’ [u (YYT)} . (19)
A=XY" [U (YYT)} . 12)
V. NUMERICAL EXPERIMENTS
IV. WAKE-SLEEP KERNEL PCA In the first example,10-dimensional data vectors of

length 1000,X € R9%1000 were generated by linearly-
Kernel PCA is a symmetric eigenvalue problem of theransforming5-dimensional Gaussian random vectors (i.e.,
covariance matrix in a feature spagethat is constructed m» = 10 and n = 5). Fig 2 shows the convergence
by a nonlinear mapping : R™ — F. It seeks an eigen- behavior of the WS-PCA algorithm (and its limiting case)
decomposition with different choice of«;. Regardless of values af;,
T generative weights (or recognition weights) converge te tr
Co =U,AU,, (13) eigenvectors. However, the convergence behavior of the WS-
PCA algorithm is slightly different, especially accordiigy
the ratio “=* for i = 1,...,n — 1 (see Fig. 2). The WS-
PCA ach|eves the faster convergence as the rﬁ%rd for
,n—1, becomes smaller. In fact, the I|m|t|ng case of
(whereUr is used instead off) shows the fastest
convergence (see Fig. 2).
U, =@, (14) For kernel PCA, we use the same toy example used in [10],
[12]. Three 2-dimensional Gaussian clusters (see Fig. ) wi
where ® = [p(x1) - - p(xy)] and T’ contains associated means[—0.5,—0.2;0.0,0.6;0.5,0.0] and common variance

whereC, = + Zf[:l o(x)p(x) " is the covariance matrix
in the feature space. U, and A, are eigenvector and
eigenvalue matrices fo€',.

All solutions U ,, with nonzero eigenvalues lie in the spanWS PCA
of p(xy),. ..,go(mN) leading to

coefficients. 0.1, are generated. Each cluster consists of 30 data points.
Invoking (14), kernel PCA [12] involves the eigen-In this examplez, we use a RBF kerndl,;; = k(x;,x;) =
decomposition of the kernel matrik = &' ®, exp { — 12T L Fig.3 shows first two nonlinear principal

1 - components determined by KPCA (a direct diagonalization
yE=TAL, (15)  based on SVD), EM-KPCA [10], and WS-KPCA. In all those
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Fig. 2. Evolution of generative weight vectors, is shownemis of the absolute value of the inner produce between a twedghor and a true eigenvector
(computed by SVD): (a) WS-PCA with:: = 0.5 and o = 1; (b) WS-PCA with “+2 = 0.1 anda; = 1; (c) WS-PCA (limiting case)

15

Fig. 3.

15

First two nonlinear principal components are showrthe case of the toy example where three 2-dimensional Gaudlsisters are considered:

(a) SVD-based KPCA,; (b) EM-KPCA,; (c) WS-KPCA. Contours reqaet lines of constant principal component value.

methods, first two principal components nicely separate thg)
three clusters. However, SVD-based KPCA and WS-KPCA
shows the exactly same contours (associated with constapy
principal component values), whereas slightly differeon-
tours are shown in the case of EM-KPCA. ]
(5]
We have introduced a coupled Helmholtz machine where
latent variables as well as associated weights are shared
a set of sub-Helmholtz machines. We have presented wake-
sleep algorithms for PCA and KPCA in the framework of the [”]
coupled Helmholtz machine, showing that algorithms indeedg;
determine exact principal eigenvectors without rotationa
ambiguity. Wake-sleep algorithms for PCA and KPCA, arel®
useful in applications where first few principal componentg g
need to be extracted, in the case of high-dimensional data or
large sample size.

VI. CONCLUSIONS

[11]
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