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t. This paper addresses an independent 
omponent analysis (ICA) learning algorithm with
exible nonlinearity, so named as 
exible ICA, that is able to separate instantaneous mixtures of sub-and super-Gaussian sour
e signals. In the framework of natural Riemannian gradient, we employ theparameterized generalized Gaussian density model for hypothesized sour
e distributions. The nonlinearfun
tion in the 
exible ICA algorithm is 
ontrolled by the Gaussian exponent a

ording to the estimatedkurtosis of demixing �lter output. Computer simulation results and performan
e 
omparison with existingmethods are presented..1. Introdu
tionIndependent 
omponent analysis is a statisti
al method that plays an important role in lots of appli
ationssu
h as tele
ommuni
ations [13, 14℄, feature extra
tion [8, 9, 17℄, biomedi
al signal analysis [37, 32℄,and data analysis [27℄ where multiple sensors are involved. The task of ICA is to extra
t statisti
allyindependent 
omponents from their linear mixtures without resorting to any prior knowledge. It is knownthat ICA performs blind sour
e separation under mild 
onditions [24, 3℄. In other words, we 
an re
oversour
es blindly from their linear instantaneous mixtures by a linear transformation that transforms sensorsignals to the output signals that are statisti
ally independent. The demixing system 
an be viewed as are
ognition model in the 
ontext of ma
hine learning.



2 S. Choi et al.Let us assume that the m-dimensional ve
tor of sensor signals, x(t) = [x1(t); : : : ; xm(t)℄T is generatedby an unknown linear generative model, x(t) = As(t); (1)where s(t) = [s1(t); : : : ; sn(t)℄T is the n-dimensional ve
tor whose elements are 
alled sour
es. The matrixA 2 IRm�n is 
alled a mixing matrix. It is assumed that sour
e signals fsi(t)g are mutually independentnon-Gaussian signals. The number of sensors, m is greater than or equal to the number of sour
es, n.The goal of ICA is to re
over sour
e signal ve
tor s(t) from the observation ve
tor x(t) without theknowledge of A nor s(t). To perform this task, we �nd a linear mapping W whi
h for
es statisti
aldependen
e among the output signals fyi(t)g to be minimized. It is well known that due to the la
kof prior information, there are two indetermina
ies in ICA [24℄: (1) s
aling ambiguity; (2) permutationambiguity. That is, the re
overed signal ve
tor y(t) has the form y(t) = P�s(t), whereP is a permutationmatrix and � is some nonsingular diagonal s
aling matrix. In many appli
ations, waveforms of sour
esare important fa
tors.Sin
e Jutten and Herault's [33℄ �rst solution to ICA, several methods have been proposed. Theyin
lude robust neural networks approa
h [23, 22℄, information maximization [7℄, natural gradient learning[6, 5℄, maximum likelihood estimation [41, 36, 40, 11℄, equivariant algorithms [12℄, nonlinear prin
ipal
omponent analysis (PCA) [34, 39, 31℄, blind signal extra
tion [25, 21℄, 
ross-
umulants method [18, 38,15℄. Mutual information minimization, information maximization, maximum likelihood estimation resultin an identi
al optimization fun
tion (loss fun
tion) [11℄.Typi
al ICA learning algorithms rely on the 
hoi
e of nonlinear fun
tions, the optimal form of whi
hdepends on probability distributions of sour
es. Sin
e probability distributions of sour
es are not known inadvan
e in ICA task, we 
ount on the hypothesized density models for sour
es. Espe
ially for the mixturesof sub- and super-Gaussian sour
es, the smart 
hoi
e of nonlinearity is essential. To this end, severalalgorithms have been developed [29, 26, 20, 28, 35℄. In the present paper, we employ the generalizedGaussian density model that 
an approximate both super- and sub-Gaussian sour
es by the appropriate
hoi
e of Gaussian exponent. Preliminary result was reported in [16℄. This is an extended version of ourwork [16℄ with some new results.This paper is organized as follows. Next se
tion is devoted to give a brief review of natural gradientbased ICA algorithms. In Se
tion .3, the generalized Gaussian density model is introdu
ed. We alsodis
uss the relation between the Gaussian exponent and the kurtosis in the generalized Gaussian distri-bution. In the framework of natural gradient based ICA algorithms, a smart way to sele
t a nonlinearfun
tion is introdu
ed in Se
tion .4. Pra
ti
al implementation of the 
exible ICA algorithms are alsopresented in Se
tion .4. Stability with several di�erent nonlinear fun
tions is studied in Se
tion .5. Com-puter simulation results with arti�
ial data and real world data are presented in Se
tion .6. Con
lusionswith some dis
ussions are drawn in Se
tion .7.2. Natural Riemannian Gradient Based ICA AlgorithmsGradient des
ent learning is a popular method for the purpose of minimizing a given loss fun
tion. Whena parameter spa
e (on whi
h a loss fun
tion is de�ned) is a Eu
lidean spa
e with an orthogonal 
oordinatesystem, the 
onventional gradient gives the steepest des
ent dire
tion. However, if a parameter spa
e isa 
urved manifold (Riemannian spa
e), an orthonormal linear 
oordinate system does not exist and the
onventional gradient does not give the steepest des
ent dire
tion [1℄. Re
ently the natural gradient wasproposed by Amari [1℄ and was shown to be eÆ
ient in on-line learning. See [1℄ for more details of thenatural gradient. Note that the relative gradient developed independently by Cardoso and Laheld [12℄is identi
al to the natural gradient in the 
ontext of ICA. In this se
tion, we brie
y review two naturalgradient based ICA algorithms.



Flexible Independent Component Analysis 3.2.1. Natural Riemannian GradientLet us 
onsider a linear network whose output y(t) is des
ribed byy(t) =Wx(t); (2)where (i; j)th element of the matrixW , i.e., wij represents a synapti
 weight between yi(t) and xj(t). Inthe limit of zero noise, for the square ICA problem (equal number of sour
es and sensors, the result 
anbe easily extended to the 
ase m > n), maximum likelihood or mutual information minimization leads tothe following loss fun
tion [6, 11℄:L(W ) = � log j detW j � nXi=1 log pi(yi); (3)where pi(�) represent the probability density fun
tion. Let us de�ne'i(yi) = �d log pi(yi)dyi : (4)With this de�nition, the gradient of the loss fun
tion (3) isrL(W ) = �L(W )�W= �W�T + '(y)xT ; (5)where '(y) is the element-wise fun
tion whose ith 
omponent is 'i(yi).The natural Riemannian gradient (denoted by ~rL(W )) learning algorithm forW is given by [1, 12, 22℄W (t+ 1) = W (t)� �t ~rL(W )= W (t)� �t �L(W )�W W T (t)W (t)= W (t) + �tfI � '(y(t))yT (t)gW (t): (6).2.2. Natural Riemannian Gradient in Orthogonality ConstraintNatural Riemannian gradient in orthogonality 
onstraint has been re
ently proposed by Amari [2℄. Let usassume that the observation ve
tor x(t) has already been whitened by prepro
essing and sour
e signalsare normalized, i.e., Efx(t)xT (t)g = Im; (7)Efs(t)sT (t)g = In: (8)From (7) and (8), we have AAT = Im: (9)The m row ve
tors of A are orthogonal n dimensional unit ve
tors. The set of n dimensional subspa
esin IRm is 
alled Stiefel manifold. The natural Riemannian gradient in the Stiefel manifold was 
al
ulatedby Amari [2℄ ~rL(W ) = rL(W )�W frL(W )gTW : (10)Using this result, the natural gradient is given by~rL(W ) = '(y)xT � y'T (y)W : (11)



4 S. Choi et al.Then the learning algorithm for W is given byW (t+ 1) = W (t)� �t ~rL(W )= W (t)� �t �'(y(t))xT (t)� y(t)'T (y(t))W (t)	 : (12)It should be noted that when m = n, the matrix W is orthogonal in ea
h iteration step, so this redu
esto the following formW (t+ 1) =W (t)� �t �'(y(t))yT (t)� y(t)'T (y(t))	W (t): (13)In pra
ti
e, due to the skew-symmetry of the term '(y(t))yT (t)�y(t)'T (y(t)), de
orrelation (or whiten-ing) pro
essing 
an be performed simultaneously together with separation. With taking this into a

ount,the algorithm be
omes Cardoso and Laheld's EASI algorithm [12℄�W (t) = �t �I � y(t)yT (t)� '(y(t))yT (t) + y(t)'T (y(t))	W (t): (14)The algorithms aforementioned belong to a 
lass of on-line learning algorithms whi
h is based onsto
hasti
 approximation. We 
an also 
onsider the bat
h versions of the algorithms by estimating timeaverage instead of instantaneous realization. For example, the bat
h version of the algorithm (14) is givenby �W (t) = �t �I � 
y(t)yT (t)�� 
'(y(t))yT (t)� + 
y(t)'T (y(t))�	W (t); (15)where < � > denotes the time average operation..3. Generalized Gaussian Density Model for Sour
esOptimal nonlinear fun
tion 'i(yi) is given by (4). However, it requires the knowledge of the probabilitydistributions of sour
es whi
h are not available to us. A variety of hypothesized density model has beenused. For example, for super-Gaussian sour
e signals, unimodal or hyperboli
-Cau
hy distribution model[36℄ leads to the nonlinear fun
tion given by'i(yi) = tanh(�yi): (16)Su
h sigmoid fun
tion was also used in [7℄. For sub-Gaussian sour
e signals, 
ubi
 nonlinear fun
tion'i(yi) = y3i has been a favorite 
hoi
e. For mixtures of sub- and super-Gaussian sour
e signals, a

ordingto the estimated kurtosis of the extra
ted signals, nonlinear fun
tion 
an be sele
ted from two di�erent
hoi
es [26℄. Several approa
hes [29, 20, 28, 35℄ are already available.This paper present a 
exible nonlinear fun
tion derived using generalized Gaussian density model[20, 19, 16℄. It will be shown that the nonlinear fun
tion is self-adaptive and 
ontrolled by the Gaussianexponent..3.1. The Generalized Gaussian DistributionThe generalized Gaussian probability distribution is a set of distributions parameterized by a positivereal number �, whi
h is usually referred to as the Gaussian exponent of the distribution. The Gaussianexponent � 
ontrols the \peakiness" of the distribution. The probability density fun
tion (PDF) for ageneralized Gaussian is des
ribed by p(y;�) = �2�� � 1��e�j y� j� ; (17)where �(x) is Gamma fun
tion given by�(x) = Z 10 tx�1e�tdt: (18)



Flexible Independent Component Analysis 5Note that if � = 1, the distribution be
omes the standard \Lapla
ian" distribution. If � = 2, thedistribution is standard normal distribution (see Figure 1).

−4 −3 −2 −1 0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

y

p(
y)

alpha=2
alpha=4
alpha=1
alpha=.8

Fig. 1. The generalized Gaussian distribution is plotted for several di�erent values of Gaussian exponent, � = 0:8; 1; ; 2; 4..3.2. The Moments of the Generalized Gaussian DistributionIn order to fully understand the generalized Gaussian distribution, it is useful to look at its moments(spe
ially 2nd and 4th moments whi
h give the kurtosis). The nth moment of the generalized Gaussiandistribution is given by Mn = Z 1�1 ynp(y;�)dy: (19)If n is odd, the integrand is the produ
t of an even fun
tion and an odd fun
tion over the whole real line,whi
h integrates to zero. In parti
ular, this implies that the mean of the distribution given in (17) is zeroand it is symmetri
 about its mean (whi
h means its skewness is zero).The even moments, on the other hand, 
ompletely 
hara
terize the distribution. In 
omputing thesemoments, we use the following integral formula (see pp. 386 in [30℄)Z 10 y��1e��yady = 1a�� 1� ���a� : (20)The 2nd moment of the generalized Gaussian distribution is determined byM2 = Z 1�1 y2p(y;�)dy= 2 Z 10 y2 �2�� � 1��e�j y� j�dy: (21)We are integrating only over the positive values of y, we 
an remove the absolute value in the exponent.Thus M2 = ��� � 1�� Z 10 y2e�( y� )�dy: (22)Making the substitution z = y� (dy = �dz), we �ndM2 = ��2� � 1�� Z 10 z2e�z�dz: (23)



6 S. Choi et al.Invoking the integral formula (20), we haveM2 = �2� � 3��� � 1�� : (24)In similar way, we 
an �nd the 4th moment given byM4 = �4� � 5��� � 1�� : (25)In general, the (2k)th moment is given byM2k = �2k � �2k+1� �� � 1�� : (26).3.3. Kurtosis and Gaussian ExponentThe kurtosis is a nondimensional quantity. It measures the relative peakedness or 
atness of a distribution.A distribution with positive kurtosis is termed leptokurti
 (super-Gaussian). A distribution with negativekurtosis is termed platykurti
 (sub-Gaussian). The kurtosis of the distribution is de�ned in terms of the2nd- and 4th-order moments as �(y) = M4M22 � 3; (27)where the 
onstant term �3 makes the value zero for standard normal distribution.For a generalized Gaussian distribution, the kurtosis 
an be expressed in terms of the Gaussian expo-nent, given by �� = � � 5��� � 1���2 � 3�� � 3: (28)The plot of kurtosis �� versus the Gaussian exponent � for leptokurti
 and platykurti
 signals are shownin Figure 2.
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(a) (b)Fig. 2. The plot of kurtosis �� versus Gaussian exponent �: (a) for leptokurti
 signal; (b) for platykurti
 signal.



Flexible Independent Component Analysis 7.4. The Flexible ICA AlgorithmFrom the parameterized generalized Gaussian density model, the nonlinear fun
tion in the algorithm (14)is given by 'i(yi) = d log pi(yi)dyi= jyij�i�1sgn(yi); (29)where sgn(yi) is the signum fun
tion of yi.Note that for �i = 1, 'i(yi) in (29) be
omes a signum fun
tion (whi
h 
an also be derived from theLapla
ian density model for sour
es). The signum nonlinear fun
tion is favorable for the separation ofspee
h signals sin
e natural spee
hes is often modeled as Lapla
ian distribution. Note also that for �i = 4,'i(yi) in (29) be
omes a 
ubi
 fun
tion, whi
h is known to be a good 
hoi
e for sub-Gaussian sour
es.In order to sele
t a proper value of the Gaussian exponent �i, we estimate the kurtosis of the outputsignal yi and sele
t the 
orresponding �i from the relationship in Figure 2. The kurtosis of yi, �i 
an beestimated via the following iterative algorithm:�i(t+ 1) = M4i(t+ 1)M22i(t+ 1) � 3; (30)where M4i(t+ 1) = (1� Æ)M4i(t) + Æjyi(t)j4; (31)M2i(t+ 1) = (1� Æ)M2i(t) + Æjyi(t)j2; (32)where Æ is a small 
onstant, say, 0.01.In general, the estimated kurtosis of demixing �lter output does not exa
tly mat
h the kurtosis oforiginal sour
e. However, it provides an idea whether the estimated sour
e is sub-Gassian signal orsuper-Gaussian signal. Moreover, it was shown [11, 3℄ that the performan
e of sour
e separation is notdegraded even if the hypothesized density does not mat
h the true density. From these reasons, wesuggest a prati
al method where only several di�erent forms of nonlinear fun
tions are used.The kurtosis of platykurti
 sour
e does not 
hange mu
h as the Gaussian exponent varies (see Figure 2(b)), so we use �i = 4 if the estimated kurtosis of yi is negative. The 
ubi
 nonlinearity for sub-Gaussiansour
e is also involved with the kurtosis minimization method [12℄. For leptokurti
 sour
e, one 
an seethe kurtosis varies mu
h a

ording to the Gaussian exponent (see Figure 2 (a)). Thus we suggest severaldi�erent values of �i, in 
ontrast to the 
ase of sub-Gaussian sour
e. From our experien
e, two or threedi�erent values of the Gaussian exponent are enough to handle various super-Gaussian sour
es. Typi
alexamples of nonlinear fun
tions with di�erent values of �i are shown in Figure 3..5. Lo
al Stability AnalysisThe stability 
onditions for the algorithm (6) and the algorithm (14) were given by Amari et al. [4℄and by Cardoso and Laheld [12℄, respe
tively. We �rst brie
y review some important results obtained in[4, 12, 10℄. Then we investigate the stability e�e
t of several nonlinear fun
tions that we have derivedfrom the generalized Gaussian density model. To this end, we fo
us on the algorithm (14) whi
h employsthe natural gradient in Stiefel manifold.Sin
e the algorithm (14) was derived from the gradient dL = 'T (y)dWx, we need to 
al
ulate itsHessian d2L to 
he
k the stability of stationary points. Amari et al. has shown that the 
al
ulation ofHessian d2L is relatively easier if the modi�ed di�erential 
oeÆ
ient matrix dZ = dWW�1 is employed.Note that the modi�ed di�erential 
oeÆ
ient matrix dZ is skew-symmetri
 in the orthogonality 
onstraint,
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)Fig. 3. The exemplary shape of nonlinear fun
tion 'i(yi): (a) for �i = 4; (b) for �i = 1; (
) for �i = 0:8.we 
al
ulate the Hessian d2L. Using the fa
t that dZ is skew-symmetri
, dL 
an be written asdL = 'T (y)dy= 'T (y)dZy= Xi;j 'i(yi)dzijyj= Xi>j f'i(yi)yj � 'j(yj)yig dzij : (33)Then the Hessian d2L is 
al
ulated asd2L = Xi>jXk f _'i(yi)dzikykyj � _'j(yj)dzjkykyi+'i(yi)dzjkyk � 'j(yj)dzikyk g dzij : (34)Taking into a

ount the normalization 
onstraint (Efy2i g = Efy2j g = 1) and the skew-symmetry, dzij =�dzji, the expe
ted Hessian at W = A�1 (at desirable solution) is given byE �d2L	 = Xi>j [E f _'i(yi)g+E f _'j(yj)g� E f'i(yi)yig �E f'j(yj)yjg℄ dz2ij ; (35)where _'i(yi) denotes the derivative of 'i(yi) with respe
t to yi. From (34), the stability 
ondition isgiven by �i + �j > 0; (36)where �i = E f _'i(yi)g �E f'i(yi)yig : (37)The stability 
ondition given in (36) 
oin
ides with that in [10℄ but we arrived at this result in theframework of the natural gradient in Stiefel manifold. For ea
h yi, the 
ondition�i > 0 (38)is a suÆ
ient 
ondition for stability.Several di�erent nonlinear fun
tions were suggested in the 
exible ICA algorithm. Here we investigatethe stability of stationary points of the algorithm (14) for three di�erent 
ases: (1) �i = 4 for �i < 0; (2)�i = 1; (3) �i = :8 for �i > 0.



Flexible Independent Component Analysis 9.5.1. Case 1: �i = 4The 
hoi
e of �i = 4 was suggested for sub-Gaussian sour
e (�i < 0). The 
hoi
e of �i = 4 results in the
ubi
 nonlinear fun
tion, i.e., 'i(yi) = jyij2yi. With this sele
tion, one 
an easily see that the lefthandside of (38) is the kurtosis of yi multiplied by -1. Sin
e yi is sub-Gaussian, the 
ondition (38) is satis�ed..5.2. Case 2: �i = 1With the 
hoi
e of �i = 1, the generalized Gaussian density (17) be
omes Lapla
ian density, i.e.,pi(yi) = 12�i e�j yi�i j: (39)The 
hoi
e of �i = 1 leads to the signum fun
tion (hard limiter), i.e.,'i(yi) = sgn(yi)= yijyij : (40)In order to 
al
ulate the derivative of the signum fun
tion, we model it as the sum of two unit stepfun
tions, i.e., sgn(yi) = u(yi)� u(�yi); (41)where u(yi) is the unit step fun
tion. Then we 
an 
al
ulate the derivative, _'i(yi)_'i(yi) = 2Æ(yi): (42)We 
ompute Ef _'i(yi)g Ef _'i(yi)g = Z 1�1 2Æ(yi) 12�i e�j yi�i jdyi= 1�i : (43)We also 
ompute Ef'i(yi)yig Ef'i(yi)yig = Efjyijg= �i: (44)The normalized 
onstraint, Efy2i g = 1 givesEfy2i g = 2�2i = 1: (45)Then, we have �i =q 12 . Note that �i is given by�i = 1� �2i�i : (46)Sin
e �i =q 12 , �i is positive for �i > 0..5.3. Case 3: �i < 1For highly peaky sour
es �i >> 1), it might be desirable to 
hoose the value of �i less than 1. This gives anon-in
reasing nonlinear fun
tion. With this 
hoi
e, the nonlinear fun
tion is singular around the origin.



10 S. Choi et al.Thus in pra
ti
al appli
ation, for yi 2 [��; �℄ where � is very small positive number, the 
orrespondingnonlinear fun
tion is restri
ted to have 
onstant values.The varian
e of yi for the generalized Gaussian distribution is given byEfy2i g = �2i �� 3�i��� 1�i� : (47)From the normalization 
onstraint, Efy2i g = 1, �i has the following value,�i =vuuut�� 1�i��� 3�i� : (48)Besides the region for yi 2 [��; �℄, we 
an 
ompute Ef _'i(yi)g and Ef'i(yi)yig given byEf _'i(yi)g = Z 1�1(�i � 2)jyij(�i�2) �i2�i�� 1�i�e� jyij�i��ii dyi= (�i � 2)��i�2i�� 1�i� ���i � 1�i � ;Ef'i(yi)yig = Z 1�1 yijyij(�i�1)sgn(yi) �i2�i�� 1�i�e� jyij�i��ii dyi= �i��i+1i�� 1�i� 1�i���i + 1�i � : (49)Note that the gamma fun
tion �(x) has many singular points espe
ially for x < 0. Thus spe
ial 
are isrequired with the 
hoi
e of �i < 1. For instan
e, the 
hoi
e of �i = 0:5 does not satisfy the 
ondition(38) sin
e �(�1) = 1. For the 
ase of �i = 0:8, one 
an easily see that the stability 
ondition (38) issatis�ed..6. Experimental Results.6.1. Arti�
ial DataWe have performed an experiment with two super-Gaussian sour
es and two sub-Gaussian sour
es (seeFigure 4). The kurtoses of sour
es are -1.2, -1.5, 3.3, 3.6. They were arti�
ially mixed using the mixingmatrix A given by A = 2664 0:155 0:204 0:431 0:7390:526 0:511 0:404 0:6140:205 0:392 0:306 0:9410:141 0:937 0:656 0:182 3775 : (50)The Gaussian exponent � 
an be learned from the estimated kurtosis of the demixing �lter output,through the relation as shown in 2. However, the estimated kurtosis does not exa
tly mat
h the true one,but its sign does. In pra
ti
e, only several di�erent values of � 
an be employed in learning pro
ess. Inthis experiment, three di�erent values of Gaussian exponent � were used: (1) � = :8 when the estimatedkurtosis of re
overed signal yi(t) is greater than 20; (2) � = 1 when the estimated kurtosis of re
overedsignal is between 0 and 20; (3) � = 4 when the estimated kurtosis of re
overed signal is negative.



Flexible Independent Component Analysis 11As a performan
e measure, we have used the performan
e index de�ned byPI = nXi=1( nXk=1 jgikj2maxj jgij j2 � 1!+ nXk=1 jgkij2maxj jgjij2 � 1!) ; (51)where gij is the (i; j)th element of the global system matrix G = WA and maxj gij represents themaximum value among the elements in the ith row ve
tor of G, maxj gji does the maximum value amongthe elements in the ith 
olumn ve
tor ofG. When perfe
t signal separation is 
arried out, the performan
eindex PI is zero. In pra
ti
e, it is very small number.The synapti
 weight matrix W was initialized as the identity matrix. The learning rate �t = 0:0005was used. Performan
e 
omparison was made with extended infomax ICA algorithm [35, 28℄ where thenonlinear fun
tion is swit
hed between �xed � tanh(�) and tanh(�) a

ording to the sign of estimatedkurtosis.Mixtures and re
overed signals by the 
exible ICA algorithm (14) and the extended infomax areshown in Figures 5, 6, 7. Performan
e 
omparison between the 
exible ICA algorithm and the extendedinfomax algorithm is shown in Figure 8. In Figure 8, the bat
h versions of both algorithms were usedand prewhitening of data was not performed for both algorithms for fair 
omparison. One 
an observethat the 
exible ICA algorithm gives faster 
onvergen
e and better performan
e. Faster 
onvergen
emight be due to the natural gradient in Stiefel manifold, i.e., the de
orrelation is performed togetherwith separation. Better performan
e might result from the 
exible nonlinear fun
tion 
ontrolled by theGaussian exponent in the 
exible ICA algorithm in 
ontrast to the �xed nonlinear fun
tion employed bythe extended infomax.
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tion of Fetal ECG sour
eThe ECG data as shown in Figure 9 are the potential re
ordings during an 8-
hannel experiment. Only5 se
onds of re
ordings (resampled at 500 Hz) are displayed. In this experiment, the ele
trodes werepla
ed on the abdomen and the 
ervix of the mother. Abdominal signals measured near fetus are shownin 
hannel 1 to 5. The weak fetal 
ontributions are 
ontained in x1 to x5, although they are not 
learlyvisible. The ECG raw data measured through 8 
hannels are dominated by mother's ECG (MECG).In order to enhan
e or separate FECG, prin
ipal 
omponent analysis (PCA) was applied and the resultare shown in Figure 9. The PCA aims at �nding a orthogonal transformation whi
h best models the
ovarian
e stru
ture of the data. First two prin
ipal 
omponents are MECG, and the third prin
ipal
omponent might be FECG, but it is not 
lear. Sin
e only se
ond-order statisti
s is used in PCA, it isnot possible to separate MECG and FECG from raw data.The 
exible ICA algorithm was applied to pro
ess the ECG raw data, and the result in shown in Figure9. The 3rd node output signal y3 
orresponds to the FECG signal. Breathing artifa
t is well extra
ted atthe 4th output node, y4. The 2nd and 8th node 
ontain the MECG. The rest of extra
ted signals might
ontain noise 
ontributions. The weak FECG signal was well extra
ted by the 
exible ICA algorithm,whereas the PCA had a diÆ
ulty to extra
t it. We also applied the extended infomax algorithm to thisdata set and the result is shown in Figure 9. It 
an be observed that the extra
ted FECG signal was notas 
lear as the one by the 
exible ICA algorithm..7. Con
lusionsWe have presented the 
exible ICA algorithm (in the framework of the natural Riemannian gradient)where self-adaptive nonlinear fun
tion is used. For the hypothesized density model, we have employedthe generalized Gaussian distribution that is able to model most uni-modal probability distribution. Thenonlinear fun
tion in the algorithm was derived from the generalized Gaussian density. In 
ontrast mostexisting methods, the nonlinear fun
tion in our algorithm is 
ontrolled by a single parameter (Gaussianexponent). As a pra
ti
al and simple method, we have suggested several di�erent nonlinear fun
tionsthat resulted from di�erent values of the Gaussian exponent and 
on�rmed the validity of our approa
hthrough 
omputer simulations. In addition, rigorous stability analysis for several nonlinear fun
tions was
arried out..8. A
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