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Abstract
Subspace analysis is one of popular multivariate data analysis methods, which has
been widely used in pattern recognition. Typically data space belongs to very high
dimension, but only a few principal components need to be extracted. In this paper,
we present a fast sequential algorithm which behaves like expectation maximization
(EM), for subspace analysis or tracking. In addition we also present a slight modification of the subspace algorithm by employing a rectifier, that is quite useful in
handling nonnegative data (for example, images), which leads to rectified subspace
analysis. The useful behavior of our proposed algorithms are confirmed through
numerical experimental results with toy data and dynamic PET images.
Key words: Expectation maximization, PET images, Principal component
analysis, Sequential learning, Subspace analysis
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Introduction

The task of pattern recognition is to classify the data in an unlabelled set
(test set), given a set of data labelled with its class (training set). Statistical
pattern recognition relies on the information representation which is closely
related to the statistical feature extraction. For example, linear data representation decomposes a given set of data into a linear sum of basis vectors.
Feature vectors are obtained by projecting the data onto the subspace spanned
by the basis vectors. Popular methods are factor analysis and principal component analysis (PCA). The eigenface method (Sirovich and Kirby, 1987; Turk
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and Pentland, 1991) might be one exemplary subspace analysis technique in
pattern recognition.
In computer vision and pattern recognition, one often encounters into a set
of huge dimensional data and wants to extract a small number of features
which is able to represent the data as well as possible. The singular value
decomposition (SVD) is a numerically robust method which calculates the
eigenvectors of the data covariance matrix, however, it is computationally
expensive, especially for the case of data with high dimension. For adaptive
computation of eigenvectors, a variety of PCA neural networks have been
developed (Diamantaras and Kung, 1996), most of which are gradient-based
learning algorithms, so their convergence is very slow.
Recently probabilistic model-based methods for subspace analysis have been
proposed. These include probabilistic PCA (PPCA) (Tipping and Bishop,
1999b), EM-PCA (Roweis, 1998), mixtures of factor analyzers (Ghahramani
and Hinton, 1997), and mixtures of probabilistic principal component analyzers (Tipping and Bishop, 1999a). All these algorithms employ the EM learning
which is an iterative maximum likelihood estimation method in the presence
of hidden variables. PPCA and EM-PCA are batch algorithms, thus, when a
new data arrives, whole calculation should be carried out again. In order to
overcome this drawback, We present a sequential EM learning algorithm for
subspace analysis.
In some applications such as image processing and text data processing, all
data points are nonnegative. Imposing nonnegativity constraints in both basis
vectors and encoding variables (factors) leads to a nonsubtractive combination
of nonnegative basis vectors. Parts-based representation was shown to emerge
from this nonsubtractive combination of basis vectors (Lee and Seung, 1999).
Along this line, the nonnegative matrix factorization (NMF) was introduced
(Lee and Seung, 1999) and drew extensive attraction in a variety of applications. It was demonstrated that the NMF gave parts-based representation (Lee
and Seung, 1999) and was useful in dynamic positron emission tomography
(PET) image analysis (Lee et al., 2001). On the other hand, Oja’s subspace
algorithm with nonnegativity constraints was shown be useful for the identification of face orientation (Lai and Fyfe, 2000). Motivated from these results
(Lee and Seung, 1999; Lai and Fyfe, 2000), we present a slight modification of
the sequential EM subspace algorithm, which leads to rectified subspace analysis. Experimental results show that our proposed algorithm is very useful for
dynamic PET image analysis.
The rest of this paper is organized as follows. Probabilistic PCA is briefly
reviewed in Sec. 2. The sequential EM algorithm for subspace analysis is
proposed in Sec. 3 and its modification, the rectified subspace analysis, is
presented in Sec. 4. Numerical experimental results are shown in Sec. 5. Con2

clusions are drawn in Sec. 6.
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Probabilistic PCA

This section reviews PPCA (Tipping and Bishop, 1999b) for the case of
isotropic Gaussian noise model and zero noise limit. In the limit of zero noise,
PPCA is known as EM-PCA (Roweis, 1998).

2.1 Linear Generative Model
The linear generative model assumes that the set of m-dimensional observed
vectors {xt } is generated from a corresponding set of latent variables {st } by
xt = Ast + v t ,

(1)

where st ∈ Rn (n ≤ m) and v t ∈ Rm is Gaussian noise vector that is assumed
to be statistically independent of st .
In the standard factor analysis, latent variables s are assumed to have a unit
isotropic Gaussian distribution, i.e., s ∼ N (0, I). The noise model is Gaussian,
i.e., v ∼ N (0, Σ) with Σ being a diagonal matrix. Given this formulation, the
model for x is also Gaussian, x ∼ N (0, C) where C = Σ + AAT . Due
to the diagonal structure of Σ, the observed variables x are conditionally
independent given the values of the latent variables s. Thus the reduceddimensional distribution s is intended to model the dependencies between
the observed variables. This is in contrast to PCA which treats the intervariable dependencies and the independent noise identically. Factor analysis
seeks for a factor loading matrix which best model the covariance structure
of the observation data. In general, the columns of the factor loading matrix
do not correspond to the principal subspace of the data. Maximum likelihood
solution to factor analysis can be found in (Rubin and Thayer, 1982).

2.2 Isotropic Gaussian Noise
In general, factor loadings A differ from the principal axes due to the diagonal
noise model Σ. Principal components emerge when independent noise variables
have common variance σ 2 , i.e., noise is isotropic Gaussian. Recently Tipping
and Bishop (Tipping and Bishop, 1999b) showed that under an isotropic noise
structure, the maximum likelihood estimator AM L spans a principal subspace
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(which consists of scaled and rotated principal eigenvectors of the sample
covariance matrix R) even when the covariance model is approximate.
We assume an isotropic noise model, v ∼ N (0, σ 2 I), which implies a probability distribution over the data space for a given s given by

p(x|s) =

1
m

(2πσ 2 ) 2



exp −



1
kx − Ask2 .
2σ 2

(2)

A Gaussian prior over the latent variables is used, i.e.,




1
− ksk2 .
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n exp
2
(2π) 2
1

(3)

The marginal distribution of the data has the form

p(x) =

Z
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where the model covariance matrix is
C = AAT + σ 2 I.

(5)

Then the log-likelihood of observing the data under this model is

L=

N
X
t=1

=−

log p(xt |θ)

o
Nm
N
N n
log(2π) − log |C| − tr C −1 R ,
2
2
2

(6)

where R is the sample covariance matrix given by

R=

N
1 X
xt xTt .
N t=1

(7)

It was shown in (Tipping and Bishop, 1999b) that with C given by (5), the
only non-zero stationary points of ∂∂L
A occur for


A = U n Λn − σ 2 I

1
2

(8)

Q,
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where the n column vectors in U n are eigenvectors of the sample covariance
matrix R, with corresponding eigenvalues in the diagonal matrix Λn , and Q
is an arbitrary n × n orthogonal rotation matrix.
Following Rubin and Thayer (Rubin and Thayer, 1982), Tipping and Bishop
derived an EM algorithm for maximizing the log-likelihood (6). Here we briefly
review the EM algorithm for probabilistic PCA. In the framework of EM,
the latent variables {st } are treated as missing data. The complete-data loglikelihood Lc is given by
Lc =
=

N
X

log p(xt , st |θ)

t=1
N 
X



m
1
1
const − log σ 2 − 2 kxt − Ast k2 − sTt st .
2
2σ
2

t=1

(9)

In E-step, the expected complete-data log-likelihood, hLc i is calculated with
the expectation being taken over the the posterior over the hidden variables.
In M-step, the parameters are re-estimated in such a way that the expected
complete-data log-likelihood is maximized. The probabilistic PCA algorithm
is summarized below. See (Tipping and Bishop, 1999b) for more details.
Algorithm Outline: PPCA
E-step Compute sufficient statistics
D

hst i = M −1 AT xt ,

(10)

E

st sTt = σ 2 M −1 + hst ihsTt i,

(11)

where M = σ 2 I + AT A.
M-step Re-estimate the parameters A and σ 2 by
c=
A

N
X
t=1

1
σc2 =

m



xt

D

sTt



! N
E
XD

st sTt

t=1

E

−1 cT
c
tr R − RAM
A

!−1



.

,

(12)
(13)

2.3 Zero Noise Limit
Probabilistic PCA algorithm described in previous section is able to find scaled
and rotated principal eigenvectors of the sample covariance matrix of the
observed variables. It was derived in the framework of factor analysis with
isotropic Gaussian noise model. PCA is a limiting case of the linear Gaussian
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model (Roweis and Ghahramani, 1999) (which factor analysis is based on) as
the covariance of the noise v becomes infinitesimally small and equal in all
directions. Hence a simple EM algorithm for PCA can be obtained by taking
the zero noise limit into account. In the zero noise limit (σ 2 → 0), the likelihood of a data point x is dominated solely by the squared distance between
it and its reconstruction As. In such a case, the posterior collapses to a single
point and the covariance becomes zero, i.e.,

p(s|x) = N



T

A A





−1

T

=δ s − A A



T

A x, 0

−1

T



A x .

(14)

Now inference reduces to simple least squares (LS) projection, which leads to
a simple EM algorithm (Roweis, 1998) that is summarized below.
Algorithm Outline: PPCA (zero noise limit)
E-step Inference is carried out by LS projection,


S = AT A
where

−1

AT X,

(15)

S = [s1 , . . . , sN ] ,
X = [x1 , . . . , xN ] .

(16)

M-step Re-estimate the matrix A by


c = XS T SS T
A

3

−1

(17)

.

Sequential EM for Subspace Analysis

3.1 Separable Least Squares
The PPCA algorithm for the case of zero noise limit can be also derived in the
framework of separable LS method. Moreover we can employ the sequential
LS (also known as recursive LS) in order to develop an on-line algorithm which
learns the principal subspace of the observed variables in a sequential manner.
As pointed out in (Roweis, 1998), in the case of zero noise limit, the likelihood
of a data point x is dominated solely by the squared distance between it
6

and its reconstruction As. In such a case, ML estimation of both A and s
becomes a separable LS minimization problem. The LS estimates, A and S
are computed by
c S
b = arg min kX − ASk2 ,
A,
F
A,S

(18)

where k · kF denotes the Frobenius norm. The separable LS minimization is
carried out in two steps. First we minimize (18) with respect to A with S
being fixed. It leads to


c = XS T SS T
A

−1

(19)

which corresponds to the M-step in PPCA (for the case of zero noise limit).
c is substituted back into (18), then we obtain a new criterion
The estimate A
which is a function of S only, i.e.,
b = arg min XP ⊥
S
S
S

2
F

(20)

,

where P ⊥
S is the orthogonal projection matrix given by


T
SS T
P⊥
S = I −S

−1

(21)

S.

The minimization of (20) is achieved when

S=



cT A
c
A

−1

T

c X,
A

(22)

which corresponds to the E-step.

3.2 Sequential LS
For sequential estimation of A and s, we consider the weighted LS minimization problem where the objective function is given by

E=

t
X

k=1

β t−k kxk − Ask k2 ,

(23)
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where 0 < β ≤ 1 is the forgetting factor.
Our objective is to compute At and st , assuming a good estimate of st−1
(or equivalently At−1 ) is available. The exponential weighting is used to deemphasize old data in a time-varying environment. Set the derivative of E with
respect to A to be zero, then we have
At = Rxs,t [Rss,t ]−1 ,

(24)

where

Rxs,t =
Rss,t =

t
X

k=1
t
X

β t−k xk sTk ,
β t−k sk sTk .

(25)

k=1

Define P t = R−1
ss,t and apply the matrix inversion lemma. Then we have a
recursion equation for updating P t
(

)

P t−1 st sTt P t−1
1
P t−1 −
.
Pt =
β
β + sTt P t−1 st

(26)

Using the recursion (26), the updating rule for A is given by
At = Rxs,t P t
= At−1 + [xt − At−1 st ]

sTt P t−1
.
β + sTt P t−1 st

(27)

Algorithm Outline: Sequential EM
E-step Estimate st by the LS projection


st = ATt−1 At−1

−1

ATt−1 xt .

(28)

M-step Estimate At by
At = At−1 + ǫt

sTt P t−1
,
β + sTt P t−1 st

(29)

where
ǫt = xt − At−1 st ,

(30)
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Remark: Our sequential EM subspace algorithm is reminiscent of PAST algorithm (Yang, 1995). However our algorithm is based on linear generative
model, whereas the PAST algorithm considers the recognition model (which
is an inverse of generative model). In addition, our algorithm does not find an
orthogonal principal direction.
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Rectified Subspace Analysis

Subspace analysis with nonnegativity constraints seeks for LS estimates, A
and S which are computed from (18) with all elements of A and S being nonnegative. In order to find a solution which satisfies a nonnegativity constraint,
NMF introduced a multiplicative updating rule. 1 On the other hand, Charles
and Fyfe (Charles and Fyfe, 1998) used a simple rectification method with
factor analysis network.
As in (Charles and Fyfe, 1998), we also use a rectifier defined by


 x if x ≥ 0

[x]+ = 


(31)

0 if x < 0.

The rectifier is operated in an elementwise fashion.
We call a subspace with nonnegativity constraint (through rectification) as
rectified subspace. We incorporate the rectification into our sequential EM
subspace algorithm described in previous section.
Algorithm Outline: Rectified Sequential EM
E-step Estimate st by the LS projection
st =



−1
ATt−1 At−1

ATt−1 xt

+

(32)

.

M-step Estimate At by
"

sTt P t−1
At = At−1 + ǫt
β + sTt P t−1 st

#+

,

(33)

where
ǫt = xt − At−1 st ,

(34)

1

They also considered a likelihood function under Poisson noise. See (Lee and
Seung, 2001) for details.

9

5

Numerical Examples

5.1 Example 1

A simple numerical example is given here to confirm the fast convergence
and high performance of the proposed sequential EM subspace algorithm.
The algorithm is compared with the Oja’s subspace rule (Oja, 1989). The
3-dimensional observation vector x was generated with its covariance matrix
given by


 1.391


 0.173





0.173 −0.536 



.
0.032 −0.078 


−0.536 −0.078 2.584

As a performance measure, we use the subspace error (SE) which is defined
by

1
T
SE = √ P ⊥
A U nU n ,
n

(35)

where P ⊥
A is the orthogonal projection matrix onto the signal subspace, i.e.,


T
P⊥
A = I −A A A

−1

AT ,

(36)

which is decided by the estimated values of A. U n U Tn is the projection matrix
onto the signal subspace that is computed from the SVD of the covariance
matrix of the input data. When the estimated A spanns the true signal subT
space, P ⊥
A should orthogonal to U n U n . Hence the SE defined above is able
to serve as a performance measure.
The matrices A0 (for the sequential EM) and W 0 (for Oja’s subspace rule)
were initialized as a random matrix whose elements are drawn from uniformly
distributed random variables over [0,1]. The learning rate in the Oja’s subspace
rule was ηt = .01. In Fig. 1, one can observe that the sequential EM algorithm
converges to a solution much faster than the Oja’s subspace rule and even
after convergence, the former shows slight better performance than the latter.
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Fig. 1. Convergence comparison for sequential EM algorithm and Oja’s subspace
rule in terms of the subspace error.

5.2 Example 2

In this example, we tested the rectified subspace algorithm which is a slight
modification of the sequential EM subsapce algorithm, with the simple bar
data that was proposed by Földiák (Földiák, 1992). The simple bar data consists of an 8 × 8 square grid containing a random mixture of horizontal and
vertical bars. The bars are chosen randomly such that each of the 16 possible
bars appears with a probability of 18 independent of each other (see Fig. 2).
Several horizontal or vertical bars appear with some of them being overlapped.
Hence, the conventional PCA fails to identify basis bars which constitute the
data (see Fig. 3). On the other hand, the rectified subspace analysis method
inherently allows nonsubtractive combination of nonnegative basis vectors and
successfully identify basis bars (see Fig. 4). In the rectified subspace algorithm,
β = 0.99 was used.

5.3 Example 3: PET Images
We performed H215 O PET scans on seven dogs at rest and after pharmacological stress using Adnenosine or Dipyridamole. All the scans were acquired
with an ECAT EXACT 47 scanner (Simens-CTI, Knoxville, USA) which has
an intrinsic resolution of 5.2 mm FWHM (full width at half maximum) and
images 47 contiguous planes with thickness of 3.4 mm simultaneously for a
longitudinal field of view of 16.2 cm. Before H215 O administration, transmis11

Fig. 2. Simple bar data.

Fig. 3. Basis images learned by PCA.

Fig. 4. Basis images learned by the rectified subspace analysis.
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sion scanning was performed using three Ge-68 rod sources for attenuation
correction. Dynamic emission scans ( 5 sec×12, 10 sec×9, 30 sec×3) were initiated simultaneously with the injection of 555-740 MBq H215 O. Transaxial
images were reconstructed by means of a filtered back-projection algorithms
as 128 × 128 × 47 matrices with a size of 2.1 × 2.1 × 3.4 mm
The initial eighteen frames (two minutes) of PET images were used for analysis. The dynamic PET images were re-oriented to short axis and were resampled to produce 1-cm-thick slices in order to increase the signal to noise
ratio. Only the cardiac regions were then masked to remove extra cardiac
components and to reduce the quantity of data and hence the burden of computation. The resulting masked images with dimension of 32 × 32 × 6 × 18
(pixel × pixel × plane × frame) were reformulated to 18 × 6144 (frame ×
pixel) data matrix X.
In the rectified subspace analysis algorithm, we used β = .99. In most of
simulations, all the parameters (A and S converged within 500 iterations. For
NMF, all the data points were re-used 100 times to ensure the convergence.
Each row of the matrix S corresponds to basis image which represent cardiac
component. Fig. 5 shows the basis images that we obtained using the rectified
subspace algorithm and the NMF. For both cases, three cardiac components
(right ventricle, left ventricle, myocardium) were successfully extracted. Each
column vector of the matrix A represent the time activity curve (TAC) which
is useful to calculate blood flow estimation (Lee et al., 2000). Fig. 6 shows the
TAC for the rectified subspace algorithm and the NMF. These TACs showed
reasonable shapes that we were familiar with (two peaks at each of right ventricle and left ventricle, more dispersion in left ventricle and mycardium).
With the assumption of proper number of factors, both the rectified subspace
analysis algorithm and NMF showed good results. The benefit of the rectified
subspace analysis algorithm is a fast sequential algorithm (due to the sequential LS implementation), so will be useful for handling with high dimensional
data matrix.
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Conclusion

We have presented a sequential EM algorithm for subspace analysis which is
able to compute the principal subspace of pre-specified dimension sequentially.
Motivated by PPCA (Tipping and Bishop, 1999b) and EM-PCA (Roweis,
1998), in the framework of probabilistic model-based PCA, we employed the
sequential LS method to develop the sequential EM subspace algorithm. The
algorithm was shown to achieve the convergence much faster, compared to the
Oja’s subspace algorithm which is based on the gradient descent method. We
13
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Fig. 5. Basis images computed by: (a) the rectified subspace analysis algorithm; (b)
NMF (LS method).
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Fig. 6. Time activity curves obtained by: (a) the rectified subspace analysis algorithm; (b) NMF (LS method).

also presented a slight modification of the sequential EM subspace algorithm,
by employing a rectification operation, which leaded to the rectified subspace
analysis algorithm. Its useful behavior was demonstrated through simple bar
data and dynamic PET images. The number of feasible basis vectors in the
rectified subspace algorithm, could be determined by a method in (Charles and
Fyfe, 1998) where the difference between the variance of each observed variable
c was considered such
and the squared Euclidean norm of each row vector of A,
that this difference is nonnegative.
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