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ABSTRACT assumes that basis vectots lie within the column space of
. : o . H(X) = [p(x1),...,¢(xn)], i€, u; = 350, (xi)Wi;, lead-
Kernel nonnegative matrix factorization (KNMF) is a recéeet- ingtoU = ¢(X)W. Each column oW is restricted to satisfy

nel extension of NMF, where matrix factorization is carrmat in the sum-to-one constraint. Then KNMF seeks a decomposition
a reproducing kernel Hilbert space (RKHS) with a feature pivagp #(X) ~ ¢(X)WV', estimating parameterd € R7*" and
. I i mxn i ’
qﬁ(()s)i.tiocr-]‘lver}(a dftai]n“lfaglxv)\fheereﬂfhe b'aé(i;\l 'r\l/Ithrsiiilf;skez ?ﬁgc}?rm Ve Rﬁw without explicit knowledge oé(-) usingkernel trick. In
p O(X) ~ ) fact, KNMF is a special case of convex-NMF [6] and was shown to

U = ¢(X)W and parameter$¥ € R}*" andV € R}*" are : : :
estimated without explicit knowledge @f(-). As in most of ker- be useful in extracting spectral features from EEG sgri%]ls [

- The performance of KNMF depends on the choice of kernel,
nel methods, the performance of KNMF also heavily depends on

the choice of kernel. In order to alleviate the kernel sé&ecprob- when a_smgle kernel is used._ Recent_advances n kernel_ weetho
: : : emphasized the need to consider multiple kernels or paeairat
lem when a single kernel is used, we presauattiple kernel NMF : . : ) ;
; - . tions of kernels, instead of a single fixed kernel [8, 9]. N
(MKNMF) where two learning problems are jointly solved insurn kernel learning (MKL) considers a convex (or conic) combiomof
pervised manner: (1) learning the best convex combinatieroel g (M - . 7 ora,

RN ; : kernels for classifiers. Parameters involving classifiecsthe best
matrices; (2) learning parametd® andV. We formulate multiple convex combination of kernels are estimated by a ioint ogition
kernel learning in MKNMF as a linear programming and estanat In th - te MKL int KNI\)/IIF JI di a ool ’

W andV using multiplicative updates as in KNMF. Experiments on n this paper we incorporate into » eading faul-

benchmark face datasets confirm the high performance of MERNM tlpltte)lkerne! NMF (MKNM(;:) wherelwle fomtly sotlr\]/e gwo learning
over several existing variants of NMF, in the task of featexeac- probléms In unsupervise manner. (. ) learning the bestooeem-
tion for face classification. bination of kernel matrices; (2) learning paramef@rsandV'. The

useful characteristics of MKNMF is summarized as follows.
Index Terms— Face recognition, multiple kernel learning, non-

negative matrix factorization e To our best knowledge, this is the first work on incorporating

MKL into matrix factorizations.

e MKNMF jointly learns the best convex combination of ker-
nel matrices and parameté¥®, V', in unsupervised manner,
while most of MKL methods have been developed in super-
vised learning.

1. INTRODUCTION

Nonnegative matrix factorization (NMF) is a method for loank
approximation of nonnegative multivariate data, the géaltdch is

to approximate the data matrix (target mattX)= [z1,...,x,] €
RT*™ as a product of two nonnegative factor matriéés= R ™"

andV € R'M*" (2-factor decomposition), such that ~ UV ' [1].

We develop a simple alternating minimization algorithm for
MKNMF, in which the best convex combination of kernels is
determined by linear programming and parame®randV

Parameter§/ and V' are estimated by multiplicative updates which are estimated by multiplicative updates as in KNMF.
iteratively minimize|| X — UV||? where|| - || represents the Frobe-
nious norm of a matrix. In addition to Euclidean distancejotss
divergence measures were also considered [2].

Various extensions of NMF have been developed. For example,
additional constraints were imposed on basis vectors toavepthe
locality of basis vectors, leading to local NMF (LNMF) [3]idher
NMF (FNMF) was proposed in [4] where NMF is regularized by We present the objective function and an alternating mizgtion
Fisher criterion, incorporating label information into Nvto im-  algorithm for MKNMF to learn the best convex combination efk
prove the discriminative power. Recently semi-supervibtF was ~ nels and to estimate factor matrices.
presented in [5], where the data matrix and the (partiaBsclabel
matrix are jointly decomposed, sharing a factor matrix, rideo to
exploit both labeled and unlabeled data in the framework AN

Another notable extension of NMF, which is of interest insthi Suppose that the data matd& = [z1,...,x,] € R™*" is a col-
paper, iskernedd NMF (KNMF) where NMF is carried out in a re- lection of m-dimensional vectors. We consider a feature mapping
producing kernel Hilbert space (RKHS) with a feature magpin ¢(-) : R™ — F whereF is a feature space. Defin&X) =
¢(-) : R™ — F whereF is a feature space. [6, 7]. KNMF [¢(x1),...,¢(x,)]. Then the kernel matri € R} ™" is given

¢ MKNMF can handle both nonnegative and negative data, just
like convex-NMF.

2. MULTIPLE KERNEL NMF

2.1. Objective Function



by K = ¢ (X)¢(X). A direct application of NMF to the feature
matrix ¢(X) yields

(X))~ UV, (1)
whereU = [u1,...,u,] andV = [vi,...,v,]| are nonnegative
basis matrix and encoding matrix, respectively. Withouplieit
knowledge of(-), parameter&/ andV cannot be estimated in the
factorization (1).

A simple trick to develop KNMF (or MKNMF) is to impose the
constraint that basis vectous lie within the column space af( X),
ie,u; = @p(x)Wij + - + ¢(n) Wy, leading to

U =¢(X)W, @
whereW,; is the(i, j)-element of the matrif e R’*". We also
restrict ourselves to convex combinations of the columng(cX),
leading that each column & satisfies the sum-to-one constraint.

Incorporating the constraint (2) into the least squarescilyje
function for the factorization (1) yields

T = glex)-UvT?

= L6 — X)WV

- %tr [Ka-wvhHa-wvh'}, @
where tf-} is the trace operator anl = ¢ (X)¢(X) is the ker-
nel matrix that is assumed to be nonnegative matrix in thigepan
fact, Eq. (3) is the objective function for KNMF. Now we coder a
convex combination of kernel matricés;, i.e., K = Y1 | 8, K},

whereg; > 0forj=1,...,M andfB: + --- Sm = 1. Substitute
this relation into (3) to obtain the objective function fokKIIMF

1 M
J= 5tr{;lgjfg(lWVT)(IWVT)T}, 4

subject toW € R*", V € R, 178 = 1 (1 € R isthe
vector of all ones ), an@® = [B1, ..., Bx] ' > 0.

2.2. Algorithm

The optimization of the objective function (4) involves thearning

problems: (1) learningd to determine the best convex combination

of kernels; (2) estimating two factor matricB® andV'. We solve
this optimization by an alternating minimization. We firgidate3

with W andV fixed, which turns out to be a linear programming.

Then we estimatd¥ and V' with 3 fixed, as in KNMF [7]. The
algorithm is summarized in Algorithm 1.

2.2.1. Optimization of 3

Fixing W andV/, the objective function (4) becomes

J

1 M
St {; BiK;(I-—-WV")(I- WVT)T}

1 M
3 > B {T;}
j=1

= t'B, ®)

Algorithm 1 Algorithm outline for MKNMF.
Input: K forj=1,..., M andr
Output: B e R W € R™*", V € R**"
1. Initialize W andV/
2: repeat
3:  Apply linear programming to determin@ which minimizes
(5), givenW andV'
4:  Giveng, constructk = 377, 8;K ;. Then updatd¥” and

V using
KV
W «— WoO—,
QKWVTV
KW
V « VO——e——.
VW' KW

5: until convergence

subject to1"8 = 1 andB > 0. The matricesT’; are defined
byT;, = K;(I-WV)(I-WVT)forj=1,...,M and

t € RM is the vector whosgth element is given bjt]; = tr {T';}.
The optimization of (5) with respect 18 is the standard linear pro-
gramming, which is solved usingi nprog( ) in our MATLAB
implementation.Please read this, which you cannot find in the fi-
nal paper archived in IEEE Xplore. Our original idea was tol fm
optimal combination of kernels, determiniygyby LP. However, it
turns out that the optimization formulation (5) subject tmstraints
1'3 = 1andB > 0, yields a simple solution wherg; = 1 if

i = argmax; t; and otherwise 0. In other word8,is a unit vector
and the location of one depends on which entry dfas maximal
value. Therefore, instead of running LP to determihet is suffi-
cient to search which entry df has maximal value. The problem
becomedkernel selection. In fact, this was first pointed out to me by
Mr. Bin Shen in Purdue University. Although it becomes késee
lection, it is still valuable because this simple procesddithe best
kernel which minimize the cost (5). More careful study isuieed
to analyze this kernel is really the best one for classificativhich

is not clear yet.

2.2.2. Optimization of W and V/

Given 8, K = Y11 8K is a fixed kernel matrix. Then the
optimization of (4) with respect t¥% and V' follows KNMF, which
is derived below.

Suppose that the gradient of an error function has a decampos
tion that is of the form
VI =[VJlt - [vJg],

where[V J]" > 0and[VJ]~ > 0. Then the multiplicative updates
for the parameter® has the form

000 Ggﬁ;)n,

(6)

where® denotes the Hadamard product (element-wise product) and

A ~ . « s e . _ ﬂL . .n
B represents the element-wise division, |.[e%]ij = B ()

denotes the element-wise power ant a learning ratg0 < n <
1). The multiplicative update (6) preserves the nonneggtiitthe
paramete®, while V.7 = 0 when the convergence is achieved [10].



Derivatives of the objective function (4) with respectVis and
V are given by

vwJ = [wwJl" = [vwJ]”
= KWV 'V-KV,
wJI = [wJl=[vvdl”

VW' KW — KW.

With these gradient calculations, invoking the relatiopw@h n =
1 yields multiplicative updates fd#w” andV' in MKNMF:

KV
W « WoO——, 7
KWV'V ™

KW
V « VO—e——. 8
VWTKW ®

3. NUMERICAL EXPERIMENTS

We evaluated the performance of MKNMF in the task of face geco
nition, compared to existing methods, including PCA (efgea)
[11], kernel PCA (KPCA) [12], NMF [1], local NMF (LNMF) [3],
Fisher NMF (FNMF) [4], kernel NMF (KNMF) [7]. Features are
extracted by these methods and a nearest neighbor (NN)fidaiss
used for classification. As the baseline, original face iesaaye used
without any feature extraction.

3.1. Datasets

We used two face image datesets: FEREAhd Yale? DB. Near
frontal face images were used and resized int«322.

Table 1. Face recognition accuracy on FERET DB.

Algorithm | Train-2 | Train-3 | Train-4
Baseline | 0.5672 | 0.5938 | 0.5837
PCA 0.6436 | 0.6837 | 0.7028
KPCA 0.6731 | 0.6928 | 0.7372
NMF 0.6527 | 0.6726 | 0.6892
FNMF 0.6673 | 0.6847 | 0.7029
LNMF 0.6738 | 0.7028 | 0.7476
KNMF 0.6624 | 0.7426 | 0.7562
MKNMF | 0.6928 | 0.7737 | 0.8163

Table 2. Face recognition accuracy on Yale DB.

Algorithm | Train-2 | Train-3 | Train-4
Baseline | 0.4820 | 0.5137 | 0.5698
PCA 0.5185 | 0.5416 | 0.6285
KPCA 0.5259 | 0.5616 | 0.6333
NMF 0.4911 | 0.4083 | 0.5295
FNMF 0.5518 | 0.5937 | 0.6327
LNMF 0.5284 | 0.5732 | 0.6538
KNMF 0.5838 | 0.6029 | 0.6650
MKNMF | 0.6259 | 0.6524 | 0.7323

to consider a convex combination of 11 Gaussian kernel ostri
(with different bandwidths). The value of was given by the aver-
aged norm of data vectoss;. In the case of KPCA and KNMF, the
appropriate value of was determined by leave-one-out cross vali-

e In the case of FERET dataset, we chose a subset of face inglation. All experiments were carried out on a PC with 3.4GHZC
ages which contains 1400 images collected from 200 individ-and 2GB RAM.

uals. For each subject, 7 facial images were collectedgtefle
ing varying facial expressions and illumination condigon

e Yale dataset provides 11 gray scale face images for eachk of tré 3. Results and Discussions

15 individuals. The images demonstrate variations in light
condition, facial expression and with/without glasses.

3.2. Experiment Settings

We divided face images into training s&t,qi» and test seX /cs¢.
For each subject in FERET (or Yale), we assigned randombetad
2 (3, or 4) images into the training set and remaining imagesthe
test set, yielding 3 different cases: 'Train-2’, 'Train-&nd 'Train-
4,

Feature matrixV..s; in the case of test seX.s: is com-
puted by LS projection, i.e.Viest = U' X oo, whereU't =
(UTU)™'UT and U is learned fromX ;.qin. In the case of
KNMF or MKNMF, LS projection is easily computed using a ker-
nel trick: Viese = (WTKW) ™ W Koy Where Koy =
¢(Xt7'ai7z)T¢(Xtest)-

We used Gaussian kernel that is of the form

1
[K]ij = exp {——Ilwi - fﬂj||2} ;
vy
where we used 11 different values of

2 2 2 2 2 2
—, =, —— 20°%,40%,807,1607, 32
’76{327167 87 47 270'7 0,40 ,00 , [ o }7

Lhttp://www.itl.nist.gov/iad/humanid/feret/feret-meashtml
2http://cve.yale.edu/projects/yalefaces/yalefaces. ht

Classification accuracy averaged over 20 independent rersuan-
marized in Table 1 and 2 for FERET DB and Yale DB, respectively
(in these experiments, the intrinsic dimensiomas set as 200). The

optimal value ofy in KPCAis8c? and KNMF is"T2 for FERET DB,

while for Yale DB the optimal value of is "; in KPCA and%2 in
KNMF. MKNMF demonstrates the best performance across ai€a
considered here, emphasizing that multiple kernel legrimdeed
improves the performance of NMF. Fig. 1 shows the classifinat
accuracy when the value ofvaries from 20 to 200. Compared to
single kernel-based NMF where the kernel selection is pexd
via cross-validation, MKNMF jointly optimizes the coefféritss,,

in a convex combination of kernel matrices and the factorices
W andV/, providing the best performance in these experiments.

MKNMF requires O(n’r) in time, while the computational
complexity of NMF isO(mnr), wheren is number of data points,
m is the dimension of input data andis the intrinsic dimension.
The computational complexity of MKNMF (or KNMF) mainly
depends on the number of samples, while NMF depends on both
the number of samples and the dimension of the input datas,Thu
MKNMF is efficient in cases data dimension is high but the nemb
of training samples is not large. Fig. 2 shows run time vdedint
image sizes of both FERET and Yale DB, emphasizing that the ru
time of MKNMF remains almost constant while the run time of
NMF dramatically increases when the size of images inceease
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Fig. 1. Comparison of classification accuracy when the intringieathsionr varies from 20 to 200, in the case of Train-4 for both Yale and
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Fig. 2. Comparison of NMF and MKNMF in terms of run time for diffetesizes of images.

4. CONCLUSIONS

We have presented MKNMF where we incorporated multiple éern
learning into nonnegative matrix factorization in orderalteviate

the difficulty in kernel selection when a single fixed kernedtrix
was used for NMF. MKNMF involved joint optimization of the el

(2]

(3]

ficients3; in a convex combination of kernel matrices and the factor

matricesW and V. We solved this joint optimization by an alter-
nating minimization, where the best convex combination erikl

matrices is determined by linear programming and the faoiatri-
ces are estimated by multiplicative updates. We comparetiMR

to various NMF methods in the task of feature extraction &aref
recognition. Experiments on two face image datasets coefirtine
high performance of MKNMF over existing other NMF methods.
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