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Abstract—Hashing, which involves learning binary codes
to embed high-dimensional data into a similarity-preserving
low-dimensional Hamming space, is often formulated as lin-
ear dimensionality reduction followed by binary quantization.
Linear dimensionality reduction, based on maximum variane@
formulation, requires leading eigenvectors of data covadance
or graph Laplacian matrix. Computing leading singular vectors
or eigenvectors in the case of high-dimension and large sar®
size, is a main bottleneck in most of data-driven hashing
methods. In this paper we address the use of generalized
Nystrom method where a subset of rows and columns are used
to approximately compute leading singular vectors of the d&a
matrix, in order to improve the scalability of hashing methods
in the case of high-dimensional data with large sample siz&s-
pecially we validate the useful behavior ofgeneralized Nystrom
approximation with uniform sampling,in the case of a recently-
developed hashing method based on principal component
analysis (PCA) followed by an iterative quantization, refered
to as PCA+ITQ, developed by Gong and Lazebnik. We compare
the performance of generalized Nystdm approximation with
uniform and non-uniform sampling, to the full singular valu e
decomposition (SVD) method, confirming that the uniform
sampling improves the computational and space complexitse
dramatically, while the performance is not much sacrificed.In
addition we presentlow-rank approximation error boundsfor
generalized Nystbm approximation with uniform sampling,
which is not a trivial extension of available results on the on-
uniform sampling case.

KeywordsCUR  decomposition; hashing; generalized
Nystrom approximation; pseudoskeleton approximation;
uniform sampling;

. INTRODUCTION

Hashing refers to methods for

real-world applications, LSH usually requires longer loyna
codes or multiple hash tables [1].

Data-dependent hashing, which is also known as ’learning
to hash’ seeks a similarity-preserving embedding into a
Hamming space, where compact binary codes for efficient
indexing are learned from a set of training examples.
Spectral hashing (SH) [2] is a representative unsupervised
hashing method, where a subset of eigenvectors of graph
Laplacian matrix is rounded to determine binary codes. Se-
mantic hashing [4] uses multi layers of restricted Boltzman
machines to learn a non-linear mapping between input data
and binary code bits in supervised manner. Semi-supervised
learning, which uses both plenty of unlabeled examples and
small number of labeled examples, has also been applied to
hashing [5], [6], where hash function is mainly learned from
labeled data while unlabeled data are used for regulavizati

Many data-dependent hashing methods employ linear
dimensionality reduction as an initial step, in order tojecb
high-dimensional data into a low-dimensional subspace,
which often requires the computation of leading eigenwescto
of data covariance matrix [7] or graph Laplacian matrix [2].
Low-dimensional projection is followed by binary quanti-
zation to yield compact binary codes. Subspace computed
by principal component analysis (PCA) was shown to be a
promising solution to low-dimensional projection of hasgii
in information-theoretical perspective [7].

One of state of the arts along this direction, which is also
of our interest in this paper, is PCA+ITQ [8], where one
project data points into principal subspace and determine

embedding high-binary codes by iteratively minimizing the quantizationoer

dimensional data into a low-dimensional Hamming spaceof mapping the projected data to the vertices of a zero-
such that similar data points are indexed by binary codesentered binary hypercube. The scalability of PCA+ITQ
with small Hamming distances [1], [2]. A variety of hashing is limited by the computational and space complexities
methods have been developed, since hashing has been shosquired to compute leading singular vectors of the data
to be better suited to approximate similarity search, espematrix. For instance, in the case of a dataset which con-
cially for high-dimensional data, compared to tree strtestu  tains hundreds of thousands of samples with each sample
exploited methods [3]. An earlier work on notable data-represented by hundreds of attributes, all data points @are fi
independent method iscality sensitive hashin§.SH) [1] in 24 Gbytes memory, so full SVD is affordable. However,
where random projections followed by rounding are usedor larger-scale dataset, such as Holidays + Flickr1M ddtas
to generate binary codes such that two objects in databa$®] which contains a million of samples with each sample
within a smaller distance are shown to have a higher probeorresponding to ten thousand-dimensional vector, abdut 9
ability of collision. However, for successful performarine  Gbytes is required to store all data points. A usual standard



machine with 32 Gbytes memory cannot afford to use theSVD. It is known thatX, = argmin .\ g, X —/)2||F.

full SVD. PCA+ITQ becomes quickly impractical as the we define a complementary matriX;; = X — X =
size of dataset grows, although hashing has been developegd. 1+ v+ and the Moore-Penrose pseudoinverse
to handle large-scale data. To overcome this limitation, wex + _ V}E}?U}. We denoter; as thei-th column vector
employ a sampling-based method to approximately computgg X, andz’ as thej-th row vector of X .
leading singular vectors of a large-scale data matrix using  \ye also use the following sampling matrices [15]: Let
subset of columns and rows. . ¢ and r be the number of sampled columns and rows
~Sampling-based methods are attractive and powerful techggpectively, then a column sampling matrix is defined by
niques for approximately computing SVD or spectral decom—SC = \/njcSc € R"*<, where[Sc];; = 1if a; is selected
position, since they operate on a small block of the originagn the j-th trial, 0 otherwise. Similarly,Sp = /—m/rSR c

matrix. Column-sampling method [10] approximates thegrxm “can be defined. Using these, we define three dif-
SVD of a rectangular matrix by using the SVD of a small forent scaled sub-matrices o¢: C — XS, € Rmxe

block of sampled qolumns. Nystrom method [1.1]_ provide_sR — SpX € R™", andW = SpXSe € R7 e,
a low-rank approximation of a symmetric positive semi-
definite matrix, maki_ng use of the SVD_ of the intersectiqn_ ofg. Generalized Nysbm Method
sampled columns with the corresponding rows of the original ) N o )
matrix. Recent studies in [12] reveal the similariies and Given a symmetric positive semi-definite (SPSD) matrix
relative advantages between these two methods. We refer f§ € R"”", the standard Nystrom method [11] is popular as
the extension of Nystrom method to a rectangular matrix@" @pproximate algorithm of eigenvectors and eigenvalties o
as generalized Nystm method which is also known as G- Itfirstly builds two submatrices ofs: Cc = GSc and
pseudoskeleton approximatigh3] or CUR decomposition W¢ = S&GSc, then constructs @-rank approximation
[14], [15], [16]. It uses only a subset of columns and rowsOf G as follows:G ~ G\ = CG~WE,kCg- Approximate
to approximate a rectangular matrix. eigenvectors and eigenvalues dvg; = CGUWG,;CE){;VG,,C

The sampling strategy is an important component ofand X = Yw, .k respectively.
sampling-based methods. Nystrom method with uniform For an arbitrary matrixX € R™*", we consider a direct
sampling without replacement has shown to be quite efficiengeneralization of the standard Nystrém method [13] like:th
both in time and space in practice and its performanceyith C = XSq, R = Sg X, andW = S X Se,
bound on approximation error was derived [17]. Nystrom ~
method with non-uniform sampling, where columns are X ~X;=CWR= CVW,kE*V{/.kUJV,kR, (1)
sampled from a fixed distribution was also studied in [18].
The performance of CUR decomposition with non-uniform
sampling was analyzed in [14], [15], [16]. In this paper “
we present bounds on approximation error, for generalized® Uw.xZi,, andSx = Sy, respectively. From this,
Nystrom method, when used with uniform sampling withoutyoy can see thaltNIXfJXf/; = CW; R~ X.

replacement. This analysis is motivated by seminar work on jithout considering the sampling time of columns and
CUR decomposition [14], [15], [16], but our results are notgws of X, the computation times of/ v, Vy, and Sy
trivial extension of existing work. areO(mck + min{c?r, cr?}), O(nrk 4+ min{c?r, cr?}), and
The main contribution of this paper is two fold: (1) the O(min{cQT, CTQ}) respective|y_ The reconstruction oX
use of generalized Nystrom method in PCA+ITQ to improverequiresO(mnk + min{c?r, cr?}) time. For the sampling
the scalability in both time and space; (2) approximationtime, if we use the uniform sampling without replacement
error bound for generalized Nystrom method with uniformstrategy, the algorithm takes addition@l(m + n) time,

sampling. Experiments on several widely used benchmaryhereas it need€)(mn) additional time with the non-
datasets demonstrate that the performance of generalizgghiform sampling strategy.

Nystrom approximation with uniform sampling is not much
sacrificed in PCA+ITQ, while improving the computational C. Previous Error Bound Analysis of Generalized Nysir
and space complexities dramatically over the full SVD as
well as non-uniform sampling method.

where approximate left singular vectors, right singulac-ve
tors, and singular values alé y = CVW_,;CZJ*V{,JC, Vx =

Generalized Nystrom method is designed to approximate
some components X ;, = UXJCEX,;CV}k, and its quality

is usually measured by the low-rank approximation error:
|X — X||r after forming a low-rank approximatioX

I[l. GENERALIZED NYSTROM APPROXIMATION

A. Notation using the approximated components. Based on how many
Given X € R™*" and assuming w.l.0.g. that < n, the components ofX ;. are approximated, there are two ways to
SVD of X is denoted byX = UXEXV;(, where X, = form X : If only U x , is approximated a&/ x, we form

~ ~T
UX_,kEXVkV)T(_’k corresponds to rank-approximation using X asU xU x X, which is an approximate projection of



X onto the subspace spannedlﬁygl. We call this ‘matrix U'U = I, whereU = [u; - - - ug], they suggest the fol-
projection’ [12]. If all three components are availablé, lowing optimization problem for the hash function learning

~ ~ ~T
can be formed byJ x ¥ x V y, and we refer this to ‘matrix n k

reconstruction’. As you will see in Section IlI-B, the algo- arg maxZZvar{u;rmi],whereUTU =1 ()
rithm only usesU x, so our theoretical justification about U ‘==

its quality is based on ‘matrix projection’ This problem is equivalent to PCA, and the binary codes are

For matrix projection, there are two theoretical studies : . ;
N ; obtained by applying sdn to each entry of the projected
about the low-rank approximation error bound with the y applying sgn y prol

T ; : : )
Frobenius norm [10], [14]. Both methods basically sampledataU X.. However, applying sgr directly to this PCA

d col based th i distributi projection is problematic in practice. In the relaxed opti-
rows and columns based_on the non-unitorm distribution, ;> a+ion problem, just a summation of variance of hash bits
and show that the resulteX ; satisfies

is maximized, but the actually good hash functions should
X — }ZkHF <X — Xillr + €| X r (2) have enough information (variance) for each hash bit. Fer th

. ) . o ~ PCA of real-world datasets, only top few eigenvectors have
with high probability. The main difference of those is 3 |arge variance, so that most hash functions are obtained
the required number of rows and columns to achieve thg.om the directions that have a small variance; as a result,
above bound. [10] requireS)(k*/¢*), and [14] requires he performance is degraded as the code length increases
Q(max{k*/c®, k?/e'}). [5], [8]. To avoid this situation, [5] adds a penalty term
to the objective function for the orthogonality instead of
the constraint. [8] proposes an iterative quantizatiorQ(IT

In this section, we explain why principal subspace is Usemethod, which iteratively minimizes the quantization erro

ful for data-dependent hashing, and suggest the genetalizey sgn(-) by rotating principal components.
Nystrom approximation scheme, especially with uniform

sampling to handle large-scale high-dimensional data.

[1l. HASHING WITH GENERALIZED NYSTROM

Algorithm 1 PCA + ITQ with generalized Nystrom approx-

A. PCA-based Hashing imation (uniform sampling)

Given a data matrixX = [z ---x,] € R™*™", hashing Input: training data |sX = [x1- - @y) € R™>*" | test data
aims to find a hash functioh : R™ — {+1, —1}* with is ¢ € R™, and binary code length is. ¢ andr are the
k << m, such that for alli,j € {1,...,n}, Hamming number of sampled columns and rows respectively.

distance betweei(z;) and h(z;) is small if z; andz,  OutPut: binary codey associated withe

are semantically similar. We usk;(-) to represent an- 1. Sample ¢ columns of X unTiIforme at random as
th entry of the vectoh(-), and defineY = [y, ---y,] € iy @y, AN frmC =\ /Flwy, - ],
{+1, —1}**", wherey, = h(a;) 2: Sample » rows of C uniformly at random as
’ ’ i v - _ /m T ATIT
To produce compact binary codes, data-dependent hashing ... c", thenW = vV T_[(ctl) (e .
mostly requires two conditions in which both are designed 3: APply SVD to W and obtainW . = Uw.xZw,x V.-

to maximize the information from the hash bits [2]: 4: Approximate left singular vecto x = CV 1. 2, .
. Balanced conditiony"""_, h;(x;) = 0, is a solution of 5 Qo IS & random rotation matrix.
an entropy maximization problem of theth hash bit & for i=1,...,50 dST
(max H[h;(z)]) [7]. 7. Y, =sgnQ_ ,UxX).
« Uncorrelated conditonp='YY " = I, enforces that 8 @, = MM ', whereY,X Uy is decomposed by

the hash bits are uncorrelated each other, so that there  gyp asMQM |
is no redundancy between the hash bits. o end for

However, finding a hash function which satisfies the aboveio: Returnk-bit binary codey = Sgr(QsToﬁ)Tcw)-
conditions is an NP-hard problem [2], so some kind of
relaxation of them is needed for practical use.

With a restriction of the form of the hash function; for B. PCA + ITQ with Generalized Ny$tm Approximation
all j € {1,...,k}, hj(x) = sgn(u; x) whereu; € R™
and sgiiz) = ER [7] shows that the balanced condition

Although PCA + ITQ provides a promising solution in
, X . many cases, PCA is very time-consuming for a large-scale
Ids onver-bounded by>the scaled Tvarlancz Ot]; thelprQJeCte%igh-dimensional dataset. So we suggest the generalized
hata, maXH| [h.ﬂ'g”)] i < vad#j ‘B]'hAn Iy relaxing - Nystrom method with uniform sampling to approximate
the uncorrelated condition to the orthogonal constraint a$CA, whose time complexity is only linear at. Because

1 . . T _ the eigenvectors oK X ' is equivalent to the left singular

We call this an ‘approximate’ projection sinééy = U x, the defini- X h . left si | f
tion of the projection, may not be satisfied depending on ppeaximation vectors ofX, we use_ the approximate left singular _VeCtor 0
algorithms. X from the generalized Nystrom method as an eigenvector



approximation of XX ". The overall procedure for the ~ °~ T
uniform sampling case is shown in Algorithm 1. 2 oaH——xop —] % o0: I ] }
;z f —full PCA +1TQ ;z —full PCA +1TQ
IV. EXPERIMENTS 20-25 —Nen-uniom +17Q 20-25 —Nanntom+ 70
In this experiment, we compare our generalized Nystrom § °2 —renR ! g 02 e e
with uniform sampling + ITQ (Uniform + ITQ) to full PCA
(full PCA + ITQ), generalized Nystrom with non-uniform O Sampingrato (i) ofsamples ' © sampling ratio (09 of features
sampling (Non-Uniform + ITQ), and random projection + (a) (b)
ITQ (Random + ITQ). For full PCA, we compute the data  °* JE—— R e E—
covariance and extract the t@peigenvectors. For general- 5000 — Non-Uniform + ITQ 5000f| — Non-Uniform + ITQ
ized Nystrom with non-uniform sampling, we implement the 3 s —rarem -6 | " soo]| — s 10
ConstantTimeSVD algorithm in [14]. For random projection, £, gsm——-"—/
we use the standard normal random matrix. oo
We use three widely used benchmark datasets: CIFAR-
10 [19], NUS-WIDE [20], and Holidays + FlickrIM [9]. 852 e e e e ooies
Although CIFAR-10 (60Kx 1584) and NUS-WIDE (270K ©) (d)

x 634) are small-scale so that full PCA could be performed
very fast, we include them to check that Uniform + ITQ Figure 2. mAP (the first row) and the computation time (theoselcrow)
even works in the small scale. Holidays + Flickr1M CONSistSeray, foasre o (%) of samples and features on Holidaysickr1M.
- ) ? ach hashing methods use 256 hash bits. The sampling ratéminfres is

of 1M images crawled from Flickr (FlickrAM) and 500  30% in the left column, and that of samples in the right column.
gueries with a few number of ground-truth images for each
(Holidays). We extract 12,800-dimensional vectors forheac
image using VLAD descriptor [9]. All experiments are and Non-Uniform + ITQ, and as fast as random projection.
conducted five times using Intel i7 with 32 Gbytes memory.Specifically with 256 hash bits, full PCA + ITQ takes about
Matrix operations are implemented by Matlab, and disk 1/04,000 sec for PCA, 1,500 sec for data projection, and 400
operation (data loading) and the selection algorithm far-no sec for ITQ. Note that data projection and ITQ are also
uniform sampling are implemented by C++. For evaluationneeded for other methods. In case56f samples, Uniform
we compute mean average precision (mAP) as in [8]. For- ITQ takes about 250 sec for PCA approximation, while
Holidays + FlickriM, we compute mAP in the following Non-Uniform + ITQ needs additional time for the sampling
way since they provide only the small number of ground-probability computation (about 1,100 sec) and the selactio
truth matches of each queries (usually 2 or 3). For eaclalgorithm (about 520 sec).
query, we retrieve 100 candidates (or slightly more if thisre
a tie) using hash bits, and compute an average precision fro
the re-sorted candidates; re-sorting is based on the pedjec
data matrix from each method, since sorting with the origina Here, we provide the approximation error bound for ma-
features needs additional disk I/O operation. trix projection of X when the generalized Nystrom method

Fig. 1 represents mAP comparison over hash bits ofvith uniform sampling without replacement is applied.
various hashing methods with fixed sampling rati&f§, for
samples and0% for features. We observe that approximate
principle components, from both Uniform + ITQ and Non-  To derive our bound, we use the concentration bound for
Uniform + ITQ, are enough to learn an effective hashapproximate matrix multiplication [17]:
function, using only a small su_bset of samples and fgaturesrheorem 1. (Theorem 2 of [17]). GivenX € Rm*n
We glso ol_)s_erve that the hashing performancg of Uniform tnd Y € R™P, defineC — XSc, R = SJY. Let
ITQ is definitely superior to Random + ITQ since random6 e (0,1), afu,v)

nY' APPROXIMATION ERRORBOUND FORGENERALIZED
NYSTROM WITH UNIFORM SAMPLING

A. Concentration Bound for Matrix Multiplication

_ uv 1 _
— utv—1/2 1-1/(2max{u,v})’ andT] -

projection does not approximate principle components. Fig

2 compares mAP and the computation time over various/ M. Then, the following holds

sampling ratios on Holidays + FlickrAM dataset. As you

can see in (a) and (b), mAP of Uniform + ITQ and Non- |XY — CR||r < MmaXHwill max ||y’ ||, (4)
Uniform + ITQ become comparable to full PCA + ITQ with Ve ' J

the sampling ratios larger thai¥ for samples and0% for  \yith probability at leastl — 5. If Y = X', the above
features. In (c) and (d), we see that the computation time . . o [log(2/8)a(en—c)

of Uniform + ITQ is at least twice faster than full PCA Inequality satisfies withy = |/ ====22m==.

We also use the spectral norm version of Theorem 1:
2http://www.flickr.com/
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mAP comparison of various hashing methods. For-Bleiform + ITQ and Uniform + ITQ, we fix the sampling ratios adraples and features

to 5% and 30% respectively. For all figures, standard deviation (n = 5)reesented as error bars.

Corollary 1. Letd € (0,1), M Then,
with probability at leastl — 6
1+

Ixy —cRlr < Xy, ®)

7

B. Modification of Generalized Ny$tm Approximation

We add a simple truncation step to the original method,
ideas from the ConstantTimeSVD algorithm in [14], to

bound W . For v > 0, We first compute SVD ofW
as W, = UW,kZW,kVW,kn and letk’ = mln{k,|{z :
o2(Wy) > v||C|1]|C|l=}|}. Then, a modified generalized
Nystrom approximation ofA is

X~Xy=CW,R=CVy,3, Uy R (6

C. Main Theorem
The following theorem is our main result.

Theorem 2. Given a matrixX € R™*", Letd € (0,1),

m = log(4/5)?(c,n—c), and Ny = 210g(4/6)oz(rm r) . For

1,62 > 0, if ¢ > 4k /e andr > 1/(7%€3), then the modified
Generalized Nystrm method with uniform sampling without
replacement producel x which satisfy

IX - UxUxX|r < | X — Xllr +
Ve (14 mn) max; ||z + {mea(1 +n2) + E} [| X |2

VaICE I ;
“AICT, TVE-R

Direct proof is not easy, so we divideX —U xU x X ||
into two subproblems using the triangle inequality||a% —
~ T~ T
CC{ X|r+|CC{ X -UxU yx X ||, and derive an upper
bound for each as follows.
1) Upper Bound for| X — CC} X||r: If we use Theo-

with prob. at leastl — §, where& =

rem 1 (concentration bound) and Theorem 2 of [14], we candentical to Lemma 2 of [14], then lemma follows.

directly derive the following low-rank approximation erro
bound from the fact tha€C} X = Uc,U(, . X:

Theorem 3. Given a matrixX € R™*". Letd € (0,1) and

n= \/M. For e > 0, if ¢ > 4k/€2, then with

probability at leastl — 4,
IX = CCL X [P < [IX = Xillp + /ne(l +n) max 2]

~ ~T
2) Upper Bound for|CC} X —UxU y X ||F:
Lemma 1. HC’C*X _UxUX||p

|2HCTC WIW|p+E| X2, (7)

gl

VaICL Ik ;
AICT, TVE-R.

Proof: Let Y = ECVCVWJCE;FV),C, and Y,
SoxV VSl . Then,|CCE X — UxUx X | s
= |UcpUlpX —UcYY 'ULX||F
< UcpUly —UcYY 'Ulllr|X]2,  (8)
where (8) follows from submultiplicity for Schattenanorms.
Since for anyA and B, ||A||%2 = tr [ATA}, tr[AB] =
tr[BA], and trfA + B] = tr[A] 4+ tr [B],

where& = £(C, v, k, k') =

[UcalUly —UcYY UL

tr {Uckaak} —tr [Uc_,kYkYTUg}
~tr[UeYY[UL,| + o [UcyYTYY U/
(1] -2t [ Y|+ [Y Yy Y]

{tr 1] — 2tr [YTY} ttr {YTYYTY} }

+(k— k) + 2tr [YkLTYﬁ_

= v =Y Y|E+2Y5 |7+ (k= K). €)
Remaining derivation fol|I;, — Y 'Y||% and |[Y}||% is
n

Lemma 2. Let§ € (0,1),7 2log(2/d)alrm=r) fFor

€>0,if r>1/(y%€
o
vlicl3

), then with probability at least — g,

ICTC — W W|p <me(l+n). (10)



Proof: By applying Corollary 1 withd, we get

m(1l +
lIcTe-wwie< 2oz
\/F
Lemma immediately follows from our choice of ]

By combining Theorem 3, Lemma 1 and 2, we get
Theorem 2 by assigning/J for each events, Theorem 3
and Lemma 2, and applying the union bound.

VI. CONCLUSIONS

[7]

(8]

9]

In this paper, we proposed a scalable learning to hash
algorithm, in which the generalized Nystrom method with
uniform sampling is applied to PCA + ITQ [8]. With the [10]
large-scale high-dimensional dataset, Holidays + Flibkrl
[9], we showed that by only using% of samples and0%
of features, the method achieves comparable performance
to the case of full PCA as well as non-uniform sampling,
while the overall computation time is reduced to less than
half. We also provided the first theoretical bound analysis
of the generalized Nystrom method with uniform sampling.
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