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Abstract— Nonnegative matrix factorization (NMF) is a
widely-used method for multivariate analysis of nonnegative
data, the goal of which is decompose a data matrix into a
basis matrix and an encoding variable matrix with all of
these matrices allowed to have only nonnegative elements. In
this paper we present simple algorithms for orthogonal NMF,
where orthogonality constraints are imposed on basis matrix
or encoding matrix. We develop multiplicative updates directly
from the true gradient (natural gradient) in Stiefel manifold,
whereas existing algorithms consider additive orthogonality
constraints. Numerical experiments on face image data for
a image representation task show that our orthogonal NMF
algorithm preserves the orthogonality, while the goodness-offit (GOF) is minimized. We also apply our orthogonal NMF
to a clustering task, showing that it works better than the
original NMF, which is confirmed by experiments on several
UCI repository data sets.

I. I NTRODUCTION
ONNEGATIVE matrix factorization (NMF) is a
widely-used multivariate analysis method which is
proven to be useful in learning a faithful representation
of nonnegative data [10], [18]. Examples of nonnegative
data include images, spectrograms, documents, and so on.
Multiplicative updates proposed by Lee and Seung [10],
[11] popularized NMF in diverse applications, including face
recognition [15], [23], [24], audio and sound processing [4],
[9], [22], medical imaging [1], [13], EEG classification for
brain computer interface [12], document clustering [21], [25],
bioinformatics [3], and so on. Earlier work on positive matrix
factorization can be also found in [18].
NMF allows only non-subtractive combinations of nonnegative basis vectors to approximate the original nonnegative
data, possibly providing a parts-based representation [10].
Incorporating extra constraints such as locality was shown to
improve the decomposition, identifying better local features
or providing more sparse representation [15]. Sparseness
constraints were explicitly incorporated into NMF [8], [19].
Orthogonality constraints were implicitly or explicitly considered in NMF [6], [14], [27], [28]
In this paper we pay our attention to orthogonal NMF
where orthogonality constraints between nonnegative basis
vectors are incorporated into NMF multiplicative updates.
We revisit several existing algorithms for orthogonal NMF
and present a new algorithm which is directly derived
from the true gradient (natural gradient) in Stiefel manifold,
whereas existing algorithms consider additive orthogonality
constraints. We also develop orthogonal NMF algorithms
in the same manner, where orthogonality is imposed on
encoding variables.
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The rest of this paper is organized as follows. The next
section describes NMF, especially in the case where least
squares error measure is used. Two different derivations of
multiplicative updates are illustrated, one of which is used
to derive our orthogonal NMF algorithm. Sec. III reviews
recognition model-based methods for NMF where a nonnegative projection matrix is estimated, instead of learning the
basis matrix. Sec. IV presents our main contribution, deriving
the orthogonal NMF algorithms where multiplicative updates
preserve orthogonality between nonnegative basis vectors or
between encoding variables. Numerical experiments on face
image data are provided in Sec. V, stressing that orthogonal NMF yields more localized parts-based representation,
compared to the original NMF. We also provide empirical
results on several UCI repository data sets, emphasizing that
the orthogonal NMF with imposing orthogonal constraints
on encoding variables provide better clustering performnce.
Finally conclusions are drawn in Sec. VI.
II. N ONNEGATIVE M ATRIX FACTORIZATION
Suppose that N observed data points, {xt }, t =
1, . . . , N are available. Denote the data matrix by X =
[x1 , · · · , xN ] ∈ Rm×N . NMF seeks a decomposition of the
nonnegative data matrix X ≥ 0 that is of the form:
X ≈ AS,

(1)

where A ∈ Rm×n contains basis vectors in its columns and
S ∈ Rn×N is the associated encoding variable matrix. Both
matrices A and S are restricted to have only nonnegative
elements in the decomposition, i.e., A ≥ 0 and S ≥ 0.
We consider the squared Euclidean distance as a discrepancy measure between the data X and the model AS,
leading to the following error function
o2
XXn
2
E = kX − ASk =
Xij − [AS]ij ,
(2)
i

j

where Xij = [X]ij represents (i, j)-element of X. Multiplicative updating rules for A and S (referred to as LS-NMF
[11]) are given by
S

←

A

←

A⊤ X
,
A⊤ AS
XS ⊤
,
A⊙
ASS ⊤

S⊙

(3)
(4)

where ⊙ denotes the Hadamard product (elementwise
A represents the elementwise division, i.e.,
product) and B
h i
Aij
A
B ij = Bij .

A. Derivation 1
The core idea used in deriving multiplicative updates (3)
and (4), which is introduced in [11], is as follows. Suppose
that the gradient of an error function has a decomposition
that is of the form
−

+

∇E = [∇E] − [∇E] ,
+

where [∇E] > 0 and [∇E]
that is of the form

−

Θ←Θ⊙

(5)

> 0. Then the updating rule

[∇E]

−

[∇E]

+,

(6)

preserves the nonnegativity of the parameter Θ, while ∇E =
0 when the convergence is achieved.
In LS-NMF, gradients with respect to A with S fixed are
given by
+

⊤

[∇A E] = ASS ,

−

⊤

[∇A E] = XS ,

leading to (4) through the relation (6). Gradients with respect
to S with A fixed are also given by
+

[∇S E] = A⊤ AS,

−

[∇S E] = A⊤ X,

A. Projective NMF
A common derivation of subspace analysis [17], [26]
involves a linear transform which minimizes the reconstruction error. In other words, subspace analysis seeks a
linear transform W ∈ Rm×n which involves the following
optimization problem:
arg min kX − W W ⊤ Xk2 .
W

Yuan and Oja [28] proposed projective NMF where nonnegativity constraint on W was incorporated into subspace
analysis, leading to the following optimization problem:
arg min kX − W W ⊤ Xk2 .
W ≥0

(15)

The gradient of kX − W W ⊤ Xk2 with respect to W is
given by
i
∂ h
kX − W W ⊤ Xk2
∂W
= −4XX ⊤ W + 2W W ⊤ XX ⊤ W
+2XX ⊤ W W ⊤ W ,

yielding (3).
B. Derivation 2
Alternatively we can derive the multiplicative updates (3)
and (4) from KKT conditions. To this end, we consider the
Lagrangian L that is of the form
o
o
n
n
1
(7)
L = kX − ASk2 − tr ΛA⊤ − tr ΩS ⊤ ,
2
where Λ and Ω are Lagrangian multiplier matrices.
The KKT conditions require:

(14)

(16)

which suggests the following multiplicative updating rule:
W ←W ⊙

XX ⊤ W
. (17)
W W ⊤ XX ⊤ W + XX ⊤ W W ⊤ W

It was shown in [28] that projective NMF gives more localized and sparse parts-based representation of images, compared to the standard NMF. Empirical results also showed
that column vectors of W are close to be orthogonal each
other.

2

1 ∂ kX − ASk
2
∂Sij

= Ωij ,

(8)

= Λij ,

(9)

2

1 ∂ kX − ASk
2
∂Aij
as optimality conditions and
Ωij Sij
Λij Aij

=
=

0,
0,

(10)
(11)

as complementary slackness conditions. Incorporating (8)
and (9) into (10) and (11), respectively leads to
h
i
A⊤ AS − A⊤ X Sij = 0,
(12)
i ij
h
(13)
ASS ⊤ − XS ⊤ Aij = 0,

B. Nonnegative Hebbian Rule
Oja’s rule [16] is a widely-used PCA method, extracting
the largest principal component in a single neuron linear
network described by yt = w⊤ xt . The updating rule for
the weight vector w is given by
wt+1 = wt + η{yt xt − yt2 wt },
where η > 0 is a learning rate.
The normalized Hebbian rule is given by
e t+1
w

wt+1

ij

which suggests iterative algorithms (3) and (4).

III. N ONNEGATIVE P ROJECTIONS
In this section we consider a recognition model, Y =
W ⊤ X, where X ≥ 0 and W ≥ 0. We give an overview
of two nonnegative projection methods, including projective
NMF [28] and nonnegative Hebbian rule [27]. Then we
address an orthogonality issue in these algorithms that were
not clearly discussed in [27], [28].

(18)

= wt + η yt xt ,
e t+1
w
.
=
e t+1 k
kw

(19)
(20)

Oja’s rule (18) is a consequence of combining Hebbian
update (19) and a linear approximation of the normalization
(20). That is,

−1
wt+1 = {wt + η yt xt } 1 + 2ηyt2 + O(η 2 ) 2

≈ {wt + η yt xt } 1 − η yt2
= wt + η{yt xt − yt2 wt } + O(η 2 ),

which is Oja’s rule (18).

The straightforward extension of (19) and (20) to multiple
outputs, i.e., y = W ⊤ x, is given by
f t+1
W

W t+1

= W t + η xt y ⊤
t ,
i− 21
h ⊤
f t+1
f t+1 W
f W
= W
.
t+1

(21)
(22)

In the same manner, we combine (21) and (22) with a linear
approximation of the normalization, which leads to
W t+1

h
i− 1
f t+1 I + η y x⊤ W t + η W ⊤ xt y + O(η 2 ) 2
= W
t t
t
t

n
o
f t+1 I − 1 η y x⊤ W t + W ⊤ xt y
≈ W
t
t t
t
2
n
o
⊤
⊤
≈ W t + η xt x⊤
(23)
t W t − W t W t xt xt W t .

The batch version of (23) is given by
n
o
W ← W + η XX ⊤ W − W W ⊤ XX ⊤ W .

(24)

As in projective NMF, the nonnegative Hebbian rule was
proposed by Yang and Laaksonen [27]. The multiplicative
update for nonnegative Hebbian learning is given by
W ←W ⊙

XX ⊤ W
.
W W ⊤ XX ⊤ W

(25)

Note that nonnegative Hebbian rule (25) is very close to
projective NMF (17), where only difference is the term
XX ⊤ W W ⊤ W in the denominator of (17) that is known
to have little effect in learning [27].
IV. A LGORITHMS FOR O RTHOGONAL NMF
We present two orthogonal NMF algorithms, where one is
for A⊤ A = I and the other is for SS ⊤ = I.
A. Orthogonal NMF: A⊤ A = I
One way to impose the orthogonality constraint on A is
to consider the Lagrangian Ee
o
1
1 n 
2
Ee = kX − ASk + tr Ω A⊤ A − I
,
(26)
2
2

where Ω ∈ Rn×n is the Lagrangian multiplier matrix. Incorporating the optimal value of Ω, Ding et al. [6] proposed
the following algorithm
S
A
1

←
←

S⊙
A⊙

A⊤ X
,
A⊤ AS
XS ⊤
AA⊤ XS ⊤

(27)
!

. 21

,

(28)

where (·). 2 denotes the elementwise square root. Updates
(27) and (28) are referred to as Ding-Ti-Peng-Park (DTPP)
algorithm.
In contrast, we directly use the result of the true gradient
in Stiefel manifold which is a parameter space with the

orthogonality constraint A⊤ A = I. In Stiefel manifold, the
true gradient (or natural gradient) [7] is computed by
e AE
∇

⊤

= ∇A E − A [∇A E] A
i−
i+ h
h
e AE
e AE − ∇
= ∇
h
i h
i
= ASX ⊤ A − XS ⊤ .

(29)

Thus the multiplicative updates for our ONMF are of the
form
A⊤ X
,
(30)
A⊤ AS
XS ⊤
,
(31)
A ← A⊙
ASX ⊤ A
where multiplicative update for S is the same as the one for
the standard NMF. Algorithms discussed in this paper are
summarized in Table I, where the ONMF algorithm in this
case is referred to as ONMF-A.
←

S

S⊙

B. Orthogonal NMF: SS ⊤ = I
We can easily derive the ONMF algorithm with preserving
SS ⊤ = I, which is referred to as ONMF-S, in the same
manner. We compute the true gradient in Stiefel manifold
where SS ⊤ = I is satisfied
e SE
∇

⊤

= ∇S E − S [∇S E] S
h
i+ h
i−
e SE − ∇
e SE
= ∇
h
i h
i
= SX ⊤ AS − A⊤ X ,

(32)

which leads to the multiplicative updating rule for S that has
the form
A⊤ X
.
(33)
SX ⊤ AS
The updating rule for A is identical to the one in the standard
NMF.
S

←

S⊙

V. N UMERICAL E XPERIMENTS
A. Experiment 1
We use ORL face image dataset [20] which consists of
400 face images (40 people and 10 images for each person)
of size 45 × 35. Each face image is converted to a vector
xt ∈ R1575 , leading to the data matrix X ∈ R1575×400 . We
apply the standard NMF, our ONMF, and Ding-Ti-Peng-Park
(DTPP) algorithm [6] to this X, for comparative study in
terms of the orthogonality and the goodness-of-fit (GOF).
The intrinsic dimension n = 25 was chosen to learn 25
bases (associated with column vectors of A). These bases are
reshaped back into 45 × 35 images which are shown in Fig.
1, where basis images computed by our ONMF algorithm are
much more localized parts, compared to the standard NMF.
We measure the orthogonality of bases by kA⊤ A − Ik and
GOF by kX − ASk. Results are shown in Fig. 2, where our
ONMF algorithm preserves the orthogonality slightly better
than DTPP algorithm, while its GOF is comparable to the
standard NMF.

TABLE I
S UMMARY OF ALGORITHMS .

Algorithm

Update rule
⊤
A ← A ⊙ XS ⊤ ,
ASS

NMF [11]
PNMF [28]
NHL [27]
DTPP [6]
ONMF-A (proposed method)
ONMF-S (proposed method)

⊤
S ← S ⊙ A⊤ X
A AS
XX ⊤ W
W ←W ⊙
⊤
⊤
W W XX W +XX ⊤ W W ⊤ W
XX ⊤ W
W ←W ⊙
⊤
WW
XX ⊤ W
. 12

⊤
⊤
XS
A←A⊙
,
S ← S ⊙ A⊤ X
AA⊤ XS ⊤
A AS
⊤
⊤
A ← A ⊙ XS ⊤ ,
S ← S ⊙ A⊤ X
ASX A
A AS
⊤
⊤
A
X
XS
S←S⊙
A←A⊙
⊤,
ASS
SX ⊤ AS

B. Experiment 2
We apply the standard NMF and our ONMF-S to a
clustering task. We perform the sum-to-one normalization
in the following way
A ← AD −1
A ,

S ← D A S,

where D A = diag(1⊤ A). Then, a data point xj is assigned
to cluster i∗ if
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