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ABSTRACT

H.3.3 [Information Storage and Retrieval]: Information
Search and Retrieval—web search; H.4.m [Information Systems Applications]: Miscellaneous—machine learning

A user’s implicit feedback such as click logs plays an important role in improving ranking performance in a search
engine, since click logs are easy to collect but well reflect
users’ relevance judgement. Extensive research has been
performed on how to utilize those click logs to improve search
performance (see [18] and references therein), where the fundamental assumption is that “a user tends to click a web
page if it looks interesting or relevant to the given query”.
In [18] for instance, each click log entry is converted into
a pairwise preference “a clicked web page is preferred over
a non-clicked web page” and then used as training data for
preference learning algorithms [5, 8, 11].
While those methods have proven their effectiveness in
many recent studies, we think click-through data alone is not
sufficient to obtain a good ranking function. A commercial
search engine may have billions of click logs, so it seems that
there is enough user feedback. However, most of the click
logs are focused on the top several results for each query,
since most users scan only the first few pages of results.
That is, among infinitely many indexed web pages, only a
few of them have user feedback for a query.
This small sample problem can be more serious in personalized search. In this search service, each user has his own
ranking function that is trained by his feedback. However,
for most of users, there are not enough click logs to obtain
correct ranking functions. The similar problem is there in
recommender systems, called cold start problem.

General Terms

1.1

Algorithms, Experimentation, Theory

Semi-supervised learning can solve the small sample problem by using both labeled and unlabeled data points to train
a target function.1 The key idea of semi-supervised learning
is to use unlabeled samples for recognizing the underlying
clusters or the latent feature space of data. To this end, one
should construct the edge-weight matrix K, whose (i, j)-th
element [K]ij denotes the pairwise base similarity between
the i-th and the j-th items. Then, one can utilize the underlying feature information by performing label propagation
[10, 12, 17, 21], or by computing the inverse or the principal
components of the graph Laplacian [1, 7]. Although most research has focused on classification (see [22] and references
therein), several algorithms have been proposed for learning
to rank [1, 2, 7, 21], including PageRank-based algorithms
[10, 12, 17]:

In this paper we present a semi-supervised learning method
for a problem of learning to rank where we exploit Markov
random walks and graph regularization in order to incorporate not only “labeled” web pages but also plenty of “unlabeled” web pages (click logs of which are not given) into
learning a ranking function. In order to cope with scalability which existing semi-supervised learning methods suffer from, we develop a scalable and incremental method for
semi-supervised learning to rank. In the graph regularization framework, we first determine features which well reflects data manifold and then make use of them to train a
linear ranking function. We introduce a matrix-fee technique
where we compute the eigenvectors of a huge similarity matrix without constructing the matrix itself. Then we present
an incremental algorithm to learn a linear ranking function
using features determined by projecting data onto the eigenvectors of the similarity matrix, which can be applied to a
task of web-scale ranking. We evaluate our method on Live
Search query log, showing that search performance is much
improved when Live Search yields unsatisfactory search results.

Categories and Subject Descriptors
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Previous Work

Now we call a web page labeled if one or more related click
log entries are given, and unlabeled otherwise. Clearly, most
of the indexed web pages in a search engine is unlabeled.

• Amini et al. [2] proposed another semi-supervised
RankBoost algorithm, assuming k nearest unlabeled
neighbors of a labeled item have the same label with
the labeled one, so that incorporating those “pseudolabeled” pairs into training data. The limitation is that
it can utilize only a small portion of unlabeled data (k
nearest neighbors of labeled data).
• Agarwal [1] incorporated graph regularization [4, 20]
into the existing ranking formulation based on support
vector machines (RankSVMs) [11, 18]. The ranking
model can be trained by optimizing the standard dual
problem of kernel RankSVMs, where the kernel function is the (pseudo-)inverse of the graph Laplacian.
• Duh and Kirchhoff [7] proposed a novel re-ranking
framework. Whenever a query is given, the initial list
of results is retrieved by a standard method such as
TF-IDF-based cosine similarity [15]. Then the proposed algorithm re-ranks the results by (1) projecting them onto their kernel principal directions (Kernel PCA), and then (2) training the boosting model
(RankBoost) [8] using the labeled pairs among the projected items.
The major problem with semi-supervised learning is its
poor scalability, due to the following reasons:
1. Most of the proposed algorithms require the N × N
edge-weight matrix K, where N is the number of whole
(i.e. both labeled and unlabeled) data points. Since N
is very large in most real-world applications, K should
be a sparse matrix such that the number of non-zero
elements doesn’t exceed O(N ). Commonly, the sparsity can be fulfilled by k-nearest neighbors such that
“[K]ij > 0 if the i-th item is one of the k-nearest neighbors of the j-th item or vice versa”. It guarantees that
the number of non-zero elements in K scales linearly
with N , but takes O(N 2 ) time to construct K.
2. If an algorithm requires the (pseudo-)inverse of the
graph Laplacian matrix [1], it scales as O(N 3 ) in time
and O(N 2 ) in space, so it cannot be applied to webscale data.
3. When an algorithm uses label propagation [21], each
iteration “f ← αKf + (1 − α)y” scales linearly with
N , so the scalability is much better. However, it is not
an incremental algorithm. More specifically, whenever
the label vector y is modified by new click logs (e.g. a
zero element [y]i is set to 1 since a user clicks the i-th
item), the preference vector f should be recomputed
to reflect them.
To avoid those problems, several algorithms [7, 21] try to
“learn in runtime”. In [7], the algorithm runs with the retrieved results for the “current query”, rather than with the
whole dataset, so that makes the number of data points N
to be small. In [21], the algorithm constructs a label vector
for the current query, and then performs label propagation,
so that avoids to compute the inverse of the graph Laplacian. However, both algorithms have very poor scalability
in testing time, because the whole learning process should
be performed whenever a query is given by a user.
To our knowledge, the current best alternative for semisupervised web search is PageRank [10, 12, 17], since they
can avoid the above problems as follows:

1. They use hyperlinks of web pages as the edges [K]ij . It
is sparse enough, and well-known to be an appropriate
base similarity measure. We can obtain K by simply
parsing hyperlinks in each web page without any other
computation, so we can avoid the first problem.
2. They use label propagation, so the second problem
doesn’t matter.
3. They compute multiple base preference vectors f 1 , . . . , f H
where H is the number of representative web pages
(also called hub pages). Those vectors are
P then combined with the preference vector f =
i wi f i , and
user’s click logs are now used to optimize the weight
parameters w1 , . . . , wH rather than f itself. It is not
hard to derive an incremental algorithm for learning
weights, so the third problem can be solved.
In this way, PageRank algorithms can successfully utilize
unlabeled data for web search. However, they have limitations in that (1) one cannot apply any state-of-the-art
similarity measure [13] other than the link structure, and
(2) usr’s click logs are represented as the weights of the base
preference vectors, meaning that a variety of user interest is
restricted to given hub pages.

1.2

Proposed Method

In this paper, we present an efficient semi-supervised rank
learning algorithm that solves the above three problems by
achieving the following goals:
1. The algorithm can utilize unlabeled data without constructing the edge-weight matrix K, while we can still
obtain the same result as if we explicitly use K.
2. Instead of the inverse of the graph Laplacian, our method
uses the rank-R approximation (i.e. dimensionality reduction from RN to RR , where N >> R) so that it
takes much less space, O(RN ). Also, we propose an
efficient algorithm to compute the rank-R approximation, which scales linearly in time with the number of
given queries m, where m << N .
3. The algorithm can efficiently update a trained ranking model whenever new click log entries are given by
users. To this end, we propose to derive an incremental
learning algorithm, which applies each training sample
iteratively rather than all samples simultaneously.
The proposed method consists of the following two steps:
1. The projection algorithm projects data points x ∈
RD onto the underlying low-dimensional space M ∈
RR (R ≤ D), such that the similarity between data
points k(xi , xj ) is preserved as the inner product of the
projected points z i , z j ∈ M, i.e., k(xi , xj ) ≈ z ⊤
i zj .
The similarity measure k is derived from the theory of
Markov random walks which initiates manifold learning [3] and graph-based semi-supervised learning [4, 20,
21].
2. The training algorithm then trains the ranking function f : M → R, of the form f (xi ) = u⊤ z i , which is
linear and defined on the latent space M. We formulate the graph regularization framework [20] for preference learning [5, 8, 11], and derive an efficient training

algorithm. Even after the ranking function is trained
with a given set of labeled data, users still continuously
give new clicks (i.e. labeled data) in runtime, thus the
training algorithm should be incremental so that the
ranking function can be updated whenever new click
log entries are given.
Our method is similar to RankSVMs with graph regularization [1] in that graph regularization is incorporated into the
rank learning formulation, but different in that our method
is based on the (regularized) linear ranking model with efficient training and incremental updating algorithms. Our
method is also similar to the re-ranking framework [7] in
that the ranking function is defined on the low-dimensional
latent space rather than the original space, but different in
that our method doesn’t need to recompute the whole learning process for each search task, so that advantages over the
re-ranking framework in query response time.

2. MARKOV RANDOM WALKS AND
GRAPH REGULARIZATION
In this section, we briefly review the theory of Markov random walks and graph regularization. Both are closely related,
and have initiated many research topics such as manifold
learning [3] and graph-based semi-supervised learning ([22]
and references therein), including our proposed method.

2.1 Markov Random Walks
Markov random walks consider a random walker on a
graph, where the random walker moves from the current
node to other nodes according to edges and the corresponding transition probabilities. The theory derives the similarity between two nodes on the graph, in terms of the probability distribution of the current position of the random
walker. With the neighborhood graph of a given data set,
the similarity measure well reflects the overall distribution
of the data.
A graph is constructed from a given dataset {x1 , . . . , xN },
where each node represents each data point. The nodes are
connected by weighted edges if they are sufficiently close each
other in the Euclidean space (higher weights for closer pairs),
so that the graph represents a skeleton of data manifolds.
More specifically, an N × N edge-weight matrix K is constructed such that [K]ij > 0 if xi and xj are close enough,
and [K]ij = 0 otherwise. Commonly, K is considered as
symmetric (i.e. [K]ij = [K]ji for all i, j = 1, . . . , N ), and
normalized as
1

1

K = D− 2 W D− 2 ,

(1)

where W is the unnormalized
P edge-weight matrix, and D is
diagonal such that [D]ii = ij [W ]ij .
The similarity between two nodes is defined by “how easy
to visit” one node from another on the graph. That is, a path
consisting of highly weighted edges increases the similarity,
and more paths between a pair generally yields greater similarity of the pair. Both cases are only possble in a “dense
region” (i.e. cluster), meaning that this similarity measure
well reflects the manifold structure of data.
More specifically, (1) the weight of a path is defined by
the multiplication of all weights in the path, so that [K t ]ij
is the sum of weights of all paths between xi and xj whose
length is t. For example, when t = 3, the paths of the form
(xi , xk , xℓ , xj ) for all k, ℓ = 1, . . . , N are only counted in

PN
the sum such that
k,ℓ=1 [K]ik [K]kℓ [K]ℓj , which is equal
3
to [K ]ij ; (2) Similarly, weights of all possible paths between xi and xj can be counted according to their path
lengths, yielding [I]ij (identity matrix for 0-length paths),
[K]ij , [K 2 ]ij , and so on.
Consequently, the similarity between xi and xj , denoted
f ij , is the weighted sum of all those weights:
by [K]
f = I + αK + α2 K 2 + α3 K 3 + · · · .
K

(2)

f = (I − αK)−1 ,
K

(3)

A decaying factor α, within 0 < α < 1, makes αt to be
smaller for larger t so that contributions of longer paths
f is also called the von
decrease. The similarity matrix K
Neumann diffusion kernel [19], and can be rewritten as the
following closed form:

f = (1 − α)(I − αK)−1 with normalization.
or K
The PageRank algorithm [16] is a well-known application
of the diffusion kernel. For N web pages x1 , . . . , xN , assume
that the next page is visited by clicking an arbitrary link in
the current page. That is, K is defined such that [K]ij = o1j
if xj has an outgoing link to xi (oj is the number of outgoing
links in xj ), and [K]ij = 0 otherwise. Then, [K t ]ij is the
probability of visiting xi from xj by t random clicks, and the
f ij represents how similar xi is to xj .
weighted average [K]
With the normalizing factor 1 − α, it can also be considered
P
f
as the conditional probability P(xi |xj ), since N
i=1 [K]ij =
1 for all j = 1, . . . , N .

2.2

Graph Regularization

Graph regularization framework [1, 4, 20] is to incorporate
a regularization term into the empirical loss function, where
the regularizer restricts the candidate model to be “smooth”,
in terms of the smoothness functional [4]. On a graph, the
smoothness
P functional of a function f can be discretized as
S(f ) = N
i,j=1 [I − K]ij f (x i )f (xj ), where K is normalized
as in Eq. (1). For binary classification (i.e. yi ∈ {+1, 0, −1},
where yi = 0 means unlabeled) with the squared loss function, the framework formulates the following optimization
problem
µ
1
arg min L(f ) = f ⊤ (I − K)f + ||y − f ||2 ,
2
2
f

(4)

where µ > 0 is the regularization parameter, and f =
[f (x1 ), . . . , f (xN )]⊤ . By setting the gradient (∂L)/(∂f ) to
f
0, we have the solution f = (1 − α)(I − αK)−1 y = Ky
1
where α = µ+1
.

3.

THE PROPOSED ALGORITHM

Based on the theory in Section 2, now we derive our
method, which consists of the projection step and the training step.

3.1

Projection Step

In Section 1.1, we noted that obtaining the exact similarf is infeasible for large N due to the inversion.
ity matrix K
f obtained
Hence, we use the rank-R approximation of K,
from the R largest eigenvalues (denoted by λ1 , . . . , λR ) and

their eigenvectors (v 1 , . . . , v R ) of K:
f
K

=
≈

Table 1: The eigen decomposition algorithm
For r = 1, . . . , R, do the follows until v r converges :
1. b ← 0 /* b = Kv r */
2. For q 1P
, . . . , qm :
c = j∈q [v r ]j /||xj ||
k
[b]i ← [b]i + c/||xi || for all i ∈ q k
Pr−1
4. v r ← b − t=1 λt (v ⊤
r v t )v t
5. v r ← v r /||v r ||
After v r converges, do 1∼2 and then λr = v ⊤
r b

(I N − αK)−1
R
X
i=1

1
= V R (I R − αΛR )−1 V ⊤
viv⊤
R , (5)
i
1 − αλi

where I N denotes the N × N identity matrix, ΛR denotes
the R × R diagonal matrix such that [ΛR ]ii = λi , and V R
denotes the N × R matrix [v 1 , . . . , v R ]. Note that K is a
sparse matrix, such that the number of non-zero elements
doesn’t exceed O(N ). Hence, the principal components ΛR
and V R can be efficiently computed by iterative algorithms
such as power iteration and Lanczos methods [6].
In Section 1.2, we mentioned that the goal of the projection step is to obtain the projected data points z 1 , . . . , z N ∈
f is preserved as the inM, where the proposed similarity K
ner product in the underlying low-dimensional space M ∈
f ij ≈ z ⊤
RR such that [K]
i z j (i.e. M is the latent Euclidean
space of web pages). Denoting by Z = [z 1 , . . . , z N ], we have
f ≈ Z ⊤ Z.
K

(6)

Combining Eq. (5) and Eq. (6), the optimal Z in the best
rank-R sense is
1

Z = (I R − αΛR )− 2 V ⊤
R.

(7)
R

In this way, we can obtain the latent space M ∈ R . Eq.
(7) implies that the most important part in the projection
step is to compute R principal components of K. Now we
describe how to obtain R principal components of K without
constructing K, as we emphasized at the first goal in Section
1.2.
Assume that m queries q 1 , . . . , q m are given, where q i ∈
{1, . . . , N }T contains its top-T similar web pages. For example, q i = [21, 1919, . . . , 188] means that the 21st, 1919th, ...,
and 188th web pages are the top-T results of q i . One can use
any commercial search engine to determine those web pages
for each query. In this paper, we used Live search SDK.
Then, we define the i-th web page as xi = [xi1 , . . . , xiD ],
where

1 if i ∈ q k ,
xik =
(8)
0 otherwise,
and the edge weight [K]ij between two web pages xi , xj as
[K]ij =

x⊤
i xj
||xi || ||xj ||

,

(9)

where x⊤
i xj represents the number of queries whose top-T
results contain xi and xj simultaneously.
Note that Eq. (9) is a plausible base similarity measure:
Each top-T list q i is determined by a commercial search engine, which uses various state-of-the-art measures and techniques to obtain the list, thus a pair xi , xj can be seen as
closer if more queries contain both of them.
From the above definitions, now we can compute the principal components of K using power iteration with deflation. The core part in the power iteration is the multiplication of Kv. Let Qi be a set of queries containing xi , i.e.,
Qi = {k | i ∈ q k }. Then, the multiplication of Kv for a
vector v ∈ RN can be computed as
X X
X
[v]j
[K]ij [v]j =
[Kv]i =
, (10)
||x
i || ||xj ||
k∈Qi j∈q k
[K ]ij >0

where the latter equation doesn’t need the K matrix. Table
1 summarizes the eigen decomposition algorithm. It takes
mT time to compute Kv. Note that computing Kv takes
O(kN ) time if K is constructed by k-nearest neighbors. Our
algorithm can save O(N 2 ) time for K. Also, Kv can be
more efficiently computed, since the number of queries m is
generally smaller than the number of indexed web pages N .
We can also obtain the principal √
components
of the norp
malized edge weight matrix [K]ij /( di dj ) as in Eq. (1),
where
X X
X
1
[K]ij =
di =
.
(11)
||x
i || ||xj ||
k∈Qi j∈q k
[K ]ij >0
From the above equation, d1 , . . . , dN can be pre-computed
by Step 1∼2 in Table 1 with substituting [v r ]j (in Step 2) by
1. After obtaining d1 , . . . , dN , we can obtain the principal
components
of the normalized version, using the normalizing
√
term di ||xi || rather than ||xi || in Step 2.

3.2

Training Step

After obtaining the latent feature vectors z 1 , . . . , z N ∈ M
in the projection step, the ranking function f : M → R,
having the form
f (xi ) = u⊤ z i ,

(12)

is trained in this step. Note that the similarity measure
f ij is approximated as the inner product z ⊤
[K]
i z j , which
means that the latent space M can be seen as Euclidean.
Hence, f doesn’t need to be non-linear.

3.2.1

Label Vector Configuration

The goal of this training step is to find the optimal weight
vector u for a given set of click log entries. Suppose that
a click log entry is converted into a preference label “xa is
preferred over xb ” (denoted by xa ≻ xb ), where xa is a
clicked web page and xb is not. Then, we formulate the
learning problem as preference learning [5, 8, 11], where the
i-th label [y]i indicates a pairwise preference between the
i-th pair (xai , xbi ):

if xai ≻ xbi ,
 1
−1
if xbi ≻ xai ,
[y]i =
(13)

0
unlabeled (no click log).

In classification, each [y]i corresponds to xi one by one.
In preference learning, however, a label is defined by oneto-two relations, i.e., each [y]i corresponds to a pair of data
points (xai , xbi ). Note that the index i DOES NOT indicate
“the i-th click log entry”. It indicates the i-th pair, where
the ordering of pairs is predefined as lexicographical order.
More specifically,

• every pair (ai , bi ) should satisfy ai < bi , and
• any two pairs (ai , bi ) and (aj , bj ), where i < j, should
satisfy either “ai < aj ” or “ai = aj and bi < bj ”.
Here is an example for N = 4 (i.e. there are 4 web pages):
• The lexicographical order derives 6 pairs: (1, 2), (1, 3),
(1, 4), (2, 3), (2, 4), and (3, 4).
• A label vector y = [1, –1, 0, 0, 0, 1]⊤ means that there
are 3 labeled pairs x1 ≻ x2 , x3 ≻ x1 , and x3 ≻ x4 .
For a given pair of indices (a, b), the corresponding element in y referfing to that pair, denoted by [y]i , can be
found by the following formula:2
i

= b−a+

a−1
X
j=1

3.2.3

(N − j)

= {(2N − 1)a − a2 }/2 + b − N.

(14)

For example, when N = 10 (i.e. there are 10 web pages),
the corresponding label for the pair (a = 4, b = 7) is [y]27 .
Given N web pages, there are N C2 = N (N −1)/2 possible
pairs of distinct web pages, thus the dimension of y scales as
O(N 2 ), which is definitely large. However, since only a small
fraction of those pairs are labeled, most of the elements in
y are 0 as in Eq. (13). Thus, the actual space taken by y is
quite small, which scales linearly with the number of labeled
pairs.

3.2.2

Algorithm

Now we derive the algorithm to find the optimal weight
vector u, where f (xi ) = u⊤ z i is consistent with y such that
[y]i = f (xai ) − f (xbi ) = (z ai − z bi )⊤ u

(15)

for all i. Denoting by g i an N -dimensional vector such that

if j = ai ,
 1
−1
if j = bi ,
(16)
[g i ]j =
 0
otherwise,

then Eq. (15) can be rewritten as [y]i = (Zg i )⊤ u, since
Z = [z 1 , . . . , z N ] and Zg i = z ai − z bi . Hence, denoting by
G = [g 1 , . . . , g M ], we have
y = (ZG)⊤ u.

(17)

Now we reformulate Eq. (4) for preference learning. First,
we restrict f to be linear, i.e., f = [f (x1 ), . . . , f (xN )]⊤ =
Z ⊤ u. Also, we replace the squared error term ||y − f ||2
with ||y − (ZG)⊤ u||2 . Then, Eq. (4) can be rewritten as3
L(u) =

Appendix A for details)

−1
1
⊤
u=
ZGy.
(19)
I R + N W − ww
1−α


1
I R + N W − ww ⊤ is an R × R matrix,
Note that 1−α
where R is the dimension of the latent feature space M.
Since R is generally much smaller than N (the number of
web pages) or D (the number of original features of an web
page — usually the number of terms), the matrix inversion
is not so expensive. Also, the remaining part ZGy can be
computed efficiently as
X
X
ZGy =
(z ai − z bi ) +
(20)
(z bi − z ai ).
[y ]i =1
[y ]i =−1

1 ⊤
µ
u Z(I N − K)Z ⊤ u + ||y − (ZG)⊤ u||2 . (18)
2
2

⊤
Setting
P (∂L)/(∂u) = 0 and denoting by W = ZZ and
w = i z i , the optimal weight vector u has the form (see

2
Note that (N − 21 )a− 21 a2 involves floating point operations,
so {(2N − 1)a − a2 }/2 is more efficient to compute.
3
One may argue that the objective function Eq. (18) doesn’t
need the smoothness term u⊤ Z(I N − K)Z ⊤ u, since f :
M → R is “already smooth” by defining on the latent space
M derived as in Section 3.1. Actually, the term does not
smooth f any longer. Instead, it plays a role as the L2 -norm
(ridge) regularizer [9] in M (see Appendix B for details).

Incremental Algorithm

In real web search services, users continuously give new
clicks even after a ranking function is trained using the previous click logs. Thus, we should consider the update of the
ranking function “in runtime” whenever new click log entries
are given.
As we mentioned in Section 1.1, some methods [21] should
discard the current model and then execute the whole algorithm again to reflect new query logs. It is too inefficient,
so we propose an incremental version of Eq. (19).
First, we reformulate Eq. (19) as u = U ZGy, where
−1

1
I R + N W − ww ⊤
. Note that W = ZZ ⊤
U = 1−α
P
and w = i z i only depend on Z, hence U is independent
e = [e
e N ] = U Z, we have
of y. Denoting by Z
z1, . . . , z
X
e
e bi ).
(21)
[y]i (e
z ai − z
u = ZGy
=
[y ]i 6=0
Hence, whenever a new click log entry modifies [y]i , we can
e bi ), where
efficiently update u by simply adding [y]i (e
z ai − z
the addition takes only O(R) time.
A decaying factor 0 < κ < 1 can also be introduced to
increase the influence of more recent click logs:

3.2.4

e bi ).
u ← κu + [y]i (e
z ai − z

(22)

Query-Dependent Ranking

The correct ranking of web pages can vary with queries.
Thus, we use multiple weight vectors u1 , . . . , uT for the
ranking function f such that
f (xi |q) =

T
X

k=1

P(k|q)u⊤
k zi,

(23)

where P(k|q) denotes the probability that the query q is
related to the cluster k, where a cluster can be seen as a
specific topic or something. That is, 0 ≤ P(k|q) ≤ 1 for all
P
k and q, and Tk=1 P(k|q) = 1 for all q. Now the training
algorithm Eq. (22) is also modified as
e bi ).
uk ← κuk + P(k|q)[y]i (e
z ai − z

(24)

To compute the probability P(k|q), we use soft k-means
clustering [14]. Note that a query q can be represented as a
feature vector using its top T results, i.e.,
X
e=
zi.
(25)
q
i∈q

Let µ1 , . . . , µT denote T clusters of given queries q 1 , . . . , q m .
Then, using Eq. (25), we have
P(k|q) =
µk

=

exp{−β||e
q − µk ||2 }
PT
q − µℓ ||2
ℓ=1 exp{−β||e
Pm
P(k|q i )e
qi
Pi=1
,
m
P(k|e
q
i)
i=1

(26)
(27)

where β > 0 is a parameter. The results close to “hard”
clustering (i.e. P(k|q) would be 1 or 0) if β → ∞.

3.3 Summary
In this section, we proposed several algorithms to achive
three goals in Section 1.2: Table 1 for the first goal, Eq. (7)
for the second goal, and Eq. (21) for the last goal. Here is
the whole process of our method:
[Learning] Step 1: Projection
1. Obtain principal components ΛR = diag(λ1 , . . . , λR )
and V R = [v 1 , . . . , v R ] by Table 1.
[Parameters] T : # of relevant web pages per query
2. Obtain the projected data points Z = [z 1 , . . . , z N ] by
Eq. (7).
[Parameters] α: decaying factor, R: dimension of the
latent space
3. Compute U as the above of Eq. (21) and then obtain
ei = U z i .
z
4. Obtain the query clusters µ1 , . . . , µT by repeating Eq.
(26) and (27) until converge.
[Parameters] β: hardness factor, T : # of clusters

[Learning] Step 2: Training
1. Initilize T weight vectors u1 = · · · = uT = 0.
2. Whenever a query q and its click log entries xa ≻ xb
are given, update u1 , . . . , uT :
(a) Compute the probability P(k|q) as in Eq. (26).
[Parameter] β, T in Step 1.4

(b) Update uk as in Eq. (24).
[Parameter] κ: decaying factor
[Ranking]

1. When a query is given, obtain the list of the top-20
web pages (denoted by q) from a commercial search
engine, e.g. Live Search.
2. Compute the probability P(k|q) as in Eq. (26).
[Parameter] β, T in Step 1.4
3. Obtain the ranking function value f (xi ) as in Eq. (23)
for all i ∈ q.
4. Sort the web pages in descending order of f (xi ).

4. EXPERIMENTS
We applied our method to the real-world web search service, MSN Live Search. As Table 1 shows, our projection
algorithm needs (1) a list of the whole queries, and (2) the
top T search results of each query q 1 , . . . , q m . Thus, we first
gathered all distinct query strings from Live Search query
log, and assigned the unique ID (1, . . . , m) to each query.

There are m = 3,875,427 distinct queries in Live Search
query log.
Then, we obtained top 20 URLs for each query (i.e. T =
20) using Live Search SDK. All distinct URLs were also collected with unique IDs, but there are too many URLs (more
than 40 million) to use all of them. Thus, we selected a
portion of URLs occurring in top-20 lists of more than 10
queries, and reassigned unique IDs (1, . . . , N ) to those selected URLs, where N = 627,819.
For training or testing, we used 4,175,543 click log entries
among the whole 12,251,067 entries in Live Search query log,
choosing a click log entry if (1) the corresponding clicked
URL is one of the N selected URLs and (2) the given rank
of the clicked URL is smaller than or equal to 20. For our
training algorithm, we converted each click log entry into a
set of labeled samples of the form xa ≻ xb , where xa is a
clicked URL, and xb is not clicked but in the top 20 results.
That is, one click log entry yields 19 (if xa is in the top-20)
or 20 labeled samples.

4.1

Search Accuracy

For performance evaluation, we performed “re-ranking”
(as in Section 3.3) the list of top 20 search results given by
Live Search, including the clicked URL, then compared between the predicted rank and the given rank of the clicked
URL. If the predicted rank (determined by our model) is
higher than the given rank (determined by Live Search), we
can conclude that semi-supervised learning is actually effective.
For example, suppose that a clicked URL xa , whose given
rank is the 3rd, is ranked as the 1st by our method. Then, we
say that our algorithm is “better”, and the “improvement”
is 2. Suppose that the URL is ranked as the 6th by our
method. Then, we say that our algorithm is “worse”, and
the “improvement” is –3. The below table is the summary
of comparison:
Group
1∼5
6∼20
6∼10
11∼20

Avr. Imprv.
–2.343
0.8027
0.7924
8.273

% Better
6.48
62.9
62.8
87.8

% Worse
48.2
32.6
32.6
9.96

Each group is a set of click log entries, where the given
ranks of the clicked URLs are within the specified range.
For example, the second group contains click log entries
where the given ranks of the clicked URLs are within 6∼20.
We trained our model with the first group (thus the second
group is the test set), where the parameters were set as follows: T = 20, α = 0.95, R = 200, β = 1000, T = 100, and
κ = 1.
The result of the first group disappointed us, implying
that it is very hard to improve the accuracy of well-ordered
search results. For the rest of the groups, however, our algorithm was better than Live Search, especially for poorlyordered search results. It means that our method can complementary cooperate with Live Search as an additional ranking measure.
However, we still feel that the ranking performance of our
method should be further improved, since only a few click log
entries are in the second group. More specifically, 3,957,292
entries are in the first group (1∼5), and 218,251 entries are
in the second group (6∼20). For the last group (11∼20)

in which our method worked very well, there are only 302
entries.

4.2 Time
Now we evaluate the learning and testing time of our algorithm. The experiments were done on a 3.2GHz Pentium
4 CPU and 2.0GB of RAM.
Note that the projection step (Step 1 in learning, see Section 3.3) can be pre-processed, since we need not recome = [e
e N ] and
pute the outputs Z = [z 1 , . . . , z N ], Z
z1, . . . , z
µ1 , . . . , µT once they are obtained. We performed 500 power
iterations with deflation for each eigenvector, and 50 iterations of soft k-means for query clusters. The below table is
the running time of the projection step:
Operation
R = 200 principal components ΛR , V R
e
Projected data points Z and Z
T = 100 query clusters µ1 , . . . , µT
Total

Time (min.)
2383
≤1
1486
3870

Here is the running time of the rest of the steps in our
method:
Step
Training step
Ranking

Time (sec.)
≈ 3265.64
≈ 2325.68

Time/click4 (ms.)
≈ 0.8252
≈ 0.5570

Note that the recent re-ranking framework for semi-supervised
rank learning [7] took several hundred seconds for each query
on the LETOR dataset [13]. Our method is 5 or 6 orders of
magnitude faster than that method in query response time
even on much larger data set.

5. CONCLUSIONS
In this paper, we proposed a semi-supervised learning
method for web search, which can use both labeled (user
click logs) and unlabeled data to train a ranking function, by
utilizing top-T search results given by Live Search. The algorithm is applicable to real-world web search engines by solving scalability problems of existing semi-supervised learning
methods (Section 1).
Based on the theory of Markov random walks, the diffuf ij was derived as a similarity measure, and
sion kernel [K]
an efficient algorithm (Table 1) was developed for computing
f ij without constructing the
the rank-R approximation of [K]
edge-weight matrix K. Also, we incorporated the graph regularization framework into preference learning (Eq. (18)),
and then developed an incremental training algorithm (Eq.
(24)).
Experiments on Live Search query log showed that our
method was definitely inferior to existing search engines,
while it can still be useful as a cooperative ranking measure
for refining some poor search results. Such failure may be
due to the rank-R approximation or the small number of the
selected URLs, or something else. As a future work, we will
investigate the reasons for the failure to improve the ranking
performance.
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APPENDIX
A. OPTIMAL WEIGHT VECTOR
We have the following objective function as in Eq. (18)

L(u) =

µ
1 ⊤
u Z(I N − K)Z ⊤ u + ||y − (ZG)⊤ u||2 ,
2
2

=
=
=



Z(I N − K)Z ⊤ u − µZG y − (ZG)⊤ u

Z(I N − K)Z ⊤ u − µZGy + µZGG⊤ Z ⊤ u
Z(I N − K + µGG⊤ )Z ⊤ u − µZGy.

(28)

Setting (∂L)/(∂u) = 0 and dividing by µ, we have
1
Z(I N − K + µGG⊤ )Z ⊤ u = ZGy.
µ

where α =
have

(29)

With the lexicographical ordering mentioned in Section 3.2,
G has the following useful property:
GG⊤ = (N + 1)I N − 1N 1⊤
N,
where I N denotes the N × N identity matrix, and 1N denotes an N -dimensional constant vector such that 1N =
[1, . . . , 1]⊤ . Then, the former term in Eq. (28) can be rewrit-

1
µ+1

(i.e. µ =

1−α
).
α

From Eq. (5) and (7), we

Z (I N − αK) Z ⊤
1

1

⊤
−2
= (I R − αΛR )− 2 V ⊤
R V N (I N − αΛN )V N V R (I R − αΛR )
1

1

= (I R − αΛR )− 2 (I R − αΛR )(I R − αΛR )− 2

= I R.

Note that V ⊤
R V N = [I R 0N −R ] since the column vectors
in V N are orthonormal.
Denoting by W = ZZ ⊤ and w = Z1N . From Eq. (7),
we have
1

1

−2
= (I R − αΛ)−1 ,
ZZ ⊤ = (I R − αΛ)− 2 V ⊤
R V R (I R − αΛ)

where both I R and Λ are diagonal, so W is diagonal such
that [W ]ii = 1/(1 − αλi ).
Consequently, Eq. (29) can be rewritten as


1
I R + N W − ww ⊤ u = ZGy,
1−α
hence the optimal weight vector u has the form
−1

1
⊤
u=
I R + N W − ww
ZGy.
1−α

B.

and its gradient with respect to the weight vector u:
∂L(u)
∂u

ten as follows:
1
Z(I N − K + µGG⊤ )Z ⊤
µ
1
⊤
Z(I N − K + µ(N + 1)I N − µ1N 1⊤
=
N )Z
µ

1
⊤
Z (1 + µ)I N − K Z ⊤ + N ZZ ⊤ − Z1N 1⊤
=
NZ
µ


α
1
=
Z
I N − K Z ⊤ + N ZZ ⊤ − (Z1N )(Z1N )⊤
1−α
α
1
=
Z(I N − αK)Z ⊤ + N ZZ ⊤ − (Z1N )(Z1N )⊤ ,
1−α

(30)

WITH/WITHOUT REGULARIZATION

Without the smoothness term, the optimal u has the form

−1
u =
(N + 1)ZZ ⊤ − ww ⊤
ZGy

≈ (N 2 CovM (x))−1 ZGy,
(31)
PN
where w = i=1 z i , and CovM (x) denotes the covariance
matrix of the web pages in the latent space M ∈ RR .
With the smoothness term, the optimal u is as in Eq. (30)
in Appendix A, which can be rewritten as

−1
1
u=
ZGy.
(32)
I + N 2 CovM (x)
1−α
By comparing Eq. (31) and (32), we conclude that the
smoothness term u⊤ Z(I N − K)Z ⊤ u plays a role as the
L2 -norm (ridge) regularizer [9] in the latent space.

